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PREFACE. 



The teaching of the higher branches of Arithmetic 
forming part of my duties, as Mathematical Master of 
the Free Grammar School, Manchester, I could find 
no treatise which I considered suited to the wants of a 
school composed of boys intended for commercial pur- 
suits, or for some profession; for though it was of 
importance to teach principles to all, the former re- 
quired knowledge in certain commercial rules which it has 
of late been the custom to defer to a point which, 
although the place where they could best be discussed, 
was too far advanced for the boys who might be removed 
early from school, and never properly comprehended by 
others. 

Whilst I admit the general princmkts.pn which they 
depend must always be there consid^t^d, stii!> at least in 
detail, all may be understood before ; and, as the simple 
questions upon them would form better exercises than 
more numerous examples in the earlier rules, I deem the 
advantage in inserting them bef^e^ Fractions will be 
easily perceived by those practically engaged in education. 
I have, however, endeavoured to make clear, when 
Fractions have been discussed, the general principles of 
all such cases, and have added more complicated ques- 
tions, and other cases not to be understood before, or of 
much less importance. But I would recommend the 
study of the principles as soon as the intellect of the boy 
may be sufficiently matured. There can be no advantage 
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in the knoT^ledge of many rules, or mere accuracy of 
calculation, when the reason of the process is unknown ; — 
the understanding must be enlisted before the results 
obtained are acted upon in the affairs of daily life. 

The merchant who, in the course of his business, per- 
forms the most minute calculations, I venture to say owes 
his knowledge far less to the rules he has learnt at school, 
than to his own mental powers having taught him the 
laws which apply to the cases he is ordinarily engaged 
in ; — the subject is, in fact, too important to allow him 
to be the blind follower of a rule. 

I have endeavoured to shew the reason of every rule I 
have given, but, as I conceive to mingle rules and reasons 
would only tend to confuse when the latter were beyond 
the power of the student, whilst I have given such ex- 
planations as I consider ought never to be omitted, I have 
kept the more difficult proofs distinctly separate, under 
every rule, but at the bottom of each page ; the proof 
of the example preceding, in most cases, that of the 
rule. 

The tutor will discover and direct the omission of 
proofs which, from the nature of the case, are too diffi- 
cult of comprehension ; and as 1 have, by my mode of 
printing, made this easily practicable, I may be excused 
in having given several entirely omitted in any Arithmetic 
which has come under my notice. 

A collection of examples will probably follow ; in the 
meantime I recommend " Thrower's," which appears, in 
most respects, well arranged. 

October 15M, 1850. 



TABLE OF CONTENTS. 



PAOI. 

Kotation and Numeration 1 — 4 

Explanation of Signs 4 

CHAPTER L 

Simple Addition ,.. 5 — 6 

„ Subtraction 6 — 7 

„ Multiplication 7 — 9 

„ Division 9 — 13 

CHAPTEU 11. 

Reduction 14 — 17 

Compound Addition , 17 — 18 

„ Subtraction 18 — 19 

„ Multiplication 19 

„ Division 20 — 22 

CHAPTER in. 

Elementary Practice 23 

Simple Proportion ■ 24 — 26 

Barter 27—28 

Simple Interest 28—29 

Commission, &c. 29 

Stocks 30 

Profit and Loss.., , 31 

j^artnership 31—32 

Discount 32 

Compound Interest 33 — 34 

Equation of Payments 34 

Creneral Remarks.... 34 — 35 

a2 



Tl TABLE OP CONTENTS. 

rAOM. 
CHAPTER IV. 

Gtvateft Common Measare 37 — 39 

Leaft Common Multiple 40^-42 

CHAPTER V. 

Fractioni 43—57 

Decimal Fractions 57--70 

CHAPTER VL 
Pra45tice 71—77 

TareandTret 78 

CHAPTER Vn. 

Ratio and Proportion 80—84 

Simple Proportion, fcc 85 — 89 

Examples in Commercial Rules 90—92 

Proportional Parts 93 

Alligation 93—97 

Potition 97—98 

Exchange 99 — 101 

CHAPTER Vni. 

Square Root 102—105 

Cube Root 106—107 

Involution 108—109 

Logarithms 103—111 

CHAPTER IX. 

Arithmetical Progression.^ 112 — 113 

Geometrical Progresnon 113 — 114 

Compound Interest il4 — 116 

Annuities 116 — 117 

CHAPTER X. 

Mensuration 118—124 

Duodecimals 120—121 



TABLES. 



ADDITION. 


SUBTRACTION. 


2 


2 


2 


2 


2 


2 


2 21 


4 


6 


6 


7 


8 


9 


10 


11 


2 

4 


3 
5 


4 
6 


5 

7 


6 

8 


7 
9 


8 


9 


2 


2 

T 


2 
4 


2 
5 


2 
6 


2 

7 


2 

8 


2 

9 


10 


11 


2 


3 


3 


3 


3 


3 


3 


3 


3 


6 


6 


7 


8 


9 


10 


11 


12 


2 
5 


3 
6 


4 

7 


5 

8 


6 

9 


7 
10 


8 
11 


9 


3 


3 
3 


3 

4 


3 
5 


3 
6 


3 

4 


3 

8 


3 
9 


12 


2 


4 


4 


4 


4 


4 


4 


4 


4 


6 


7 


8 


9 


10 


11 


12 


13 


2 
6 


3 

7 


4 

8 


5 
9 


6 
10 


7 
11 


8 
12 


9 


4 


4 
3 


4 
4 


4 
5 


4 
6 




4 
8 


4 
9 


13 


2 


5 


b 


6 


6 


6 


6 


5 


5 


7 


8 


9 


10 


11 


12 


13 


14 


2 

7 


3 

8 


4 
9 


5 
10 


6 

11 


7 
12 


8 
13 


9 


5 


5 
8 


6 

4 


6 
5 


6 

6 




5 

8 


5 
9 


14 


2 


6 


6 


6 


6 


6 


6 


6 


6 


8 


9 


10 


11 


12 


13 


14 


15 


2 


3 


4 


5 


6 


7 


8 


9 


6 


6 


6 


6 


6 




6 


6 


8 


9 


10 


11 


12 


13 


14 


15 


2 
"^9 


3 
10 


4 


6 


6 




8 


9 


7 


7 


7 


7 


7 


7 


7 


7 


"if 


12 


13 


14 


\h 


16 


2 
9 


1 3 
10 


4 
11 


6 


6 


7 

14 


8 


9 


7 


7 
3 


7 
4 


7 
5 


7 
6 


7 


7 

8 


7 
9 


12 1 13 


15 


llfi 


2 


8 


8 


8 


8 


8 


8 


8 


8 


10 


11 


12 


13 


14 


15 


16 


17 


2 


3 


4 


5 


6 


7 


8 


9 


8 


8 


8 


8 


8 8 


8 


8 


10 


11 


12 


13 


14 


15 


16 


17 


2 


3 


4 


5 


6 7 


8 1 9| 


9 


9 


9 


9 


9 


9 


9 


9 


11 


12 


13 


14 


15 


16 


17 


18 


2 
11 


3 
12 


4 
13 


6 

14 


6 
15 


7 
Ifi 


8 
17 


9 


9 


9 
3 


9 
4 


9 
5 


9 
6 


9 
7 


9 
8 


9 


18 


2 


9 



MULTIPLICATION AND DIVISION. 



2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


I 2 


1 


3 1 4 


1 


5 


1 6 


1 


7 


1 8 


1 9 


1 10 


1 


11 


1 12 


2 4 


2 


6 2 8 


2 


10 


2 12 


2 


14 


2 16 


2 18 


2 20 


2 


22 


2 24 


3 a 


8 


9 3 12 


3 


16 


3 18 


3 


21 


3 24 


3 27 


3 30 


3 


33 


3 36 


4 8 


4 


12 4 16 


4 


20 


4 24 


4 


28 


4 32 


4 36 


4 40 


4 


44 


4 48 


6 10 


5 


15 5 20 


5 


25 


5 30 


5 


35 


5 40 


6 45 


5 50 


5 


65 


5 60 


6 12 


6 


181 6 24 


6 


30 


6 36 


6 


42 


6 48 


6 64 


6 60 


6 


66 


6 72 


7 14 


7 


21 


7 28 


7 


35 


7 42 


7 


49 


7 56 


7 63 


7 70 


7 


77 


7 84 


8 16 


8 


24 S 32 


8 


40 


8 48 


8 


56 


8 64 


8 72 


8 80 


8 


88 


8 96 


9 18 


9 


27 


9 36 


9 


45 


9 54 


9 


63 


9 72 


9 81 


9 90 


9 


99 


9 108 


10 20 


10 


3010 40 


10 


50 


10 60 


10 


70 


10 80 


10 90 


10 100 


10 


110 


10 120 


11 22 


11 


3311 44 


11 


55 


11 66 


11 


77 


11 88 


11 99 


11 110 


11 


121 


11 132 


12 2412 


3612 48 


12 


60 12 72112 


84 


12 96 


12 108 


12 120 12 


132 


12 144 



For Multiplication, say "twice one are two, twice two are four,** 
&c.; "three times one are three," &c. 

For Division, say " twos in two are one, twos in four are two," 
&c. ; " threes in three are one," &c. 
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WEIGHTS AND MEASURES. 



AVOIRDUPOIS WEIGHT. 

16 drams (dr.) 1 ounce (oz.) 

16 ounces 1 pound (lb.) 

14 pounds I stone (st.) 

2 stones or 28) , „„^^^^ /^^ \ 
pounds }U«arter(qr.) 

4 quarters or ) 1 hundred 
112 pounds) weight (cwt.) 
20 hundred K ^^^ (t.) 
weight 3 ^ ^ 



apothecaries' weight. 



20 grains 
3 scruples 
8 drains 

12 ounces 



1 scruple (9) 
1 dram (5) 
1 ounce (^) 
1 pound (£) 



TROT weight. 

24grain8(gr.){^P^SwT"''* 
20 pennyweights 1 ounce (oz.) 

12 ounces I pound (lb.) 



WOOL WEIGHT. 

7 pounds 1 clove. 

2 cloves ( 1 4lbs. ) 1 stone. 
2stones(28lbs.)l tod. 
6jtods(128lbs.)l wey. 
2 weys 1 sack. 

12 sacks 1 last. 



LIQUID measure. 

4 gills or noggins 1 pint. 

2 pints 1 quart. 

4 quarts (8 pints) 1 gallon. 

63 gallons 1 hogshead. 

84 gallons 1 puncheon 

2 pipes 1 tun. 



AL^ AND BEER MEASURE. 

2 pints make 1 quart. 

4 quans „ 1 gallon. 

36 gallons „ 1 biarreL 

54 gallons „ 1 hogshead. 

2 barrels (72 gr.ls.) 1 puncheon 

3 barrels (108 gals) 1 butt. 



CORN AND DRY MEASURE. 

2 gallons (8 quarts) I peck. 
4 pecks 1 bushel. 

8 bushels 1 quarter. 

. (weigh 
] or load. 



5 quarters 
10 quarters 



1 last. 



COAL MEASURE. 



4 pecks make 
3 bushels „ 

36 bushels ,, 
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1 bushel. 
1 sack. 
1 chaldron. 
224 lbs. 
1 ton. 



CLOTH MEASURE. 

2\ inches 1 nail 



3 quarters 

4 quarters 

5 quarters 

6 quarters 



1 Flemish ell. 
1 yard. 
1 English eU. 
1 French ell. 



LINEAL MEASURE. 

1 inch. 



3 barleycorns 

4 inches 
12 inches 

3 feet 
6 feet 



1 hand. 
1 foot. 
1 yard. 
1 fathom. 



5i yards j j ^ rod (r), pole, 
(198 in.) t I 



40 



or perch (p). 
3 miles 1 league. 



I (one qaarter) is used to shew that 
half) or two qnarters, that 2 must he 
•T one quarter more, would he 1. 



4 must he taken to make up 1 ; ^ (one 
taken ; J means three quarters, and i. 



REMARKS ON THE TABLES. 



MSASUBB OF SURFACES. 



30 j sq. yards 1 



144 sq. inches 1 sq. foot 
9 sq. feet 1 sq. yard. 

sq. rod, pole, 
or perch. 
40 perches 1 rood. 

4 roods CSiJo*) 1 acre. 
640 acres 1 sq. mile. 

MSASUAE OF SOLIDS. 

1728 cubic inches I cubic foot. 
27 cubic feet 1 cubic yard. 



TIMB. 



60 seconds 

60 minutes 

24 hours 
7 days 
4 weeks 

12 calendar 
months 

365 days 

366 days 



1 minute. 
1 hour. 
1 day. 
1 week. 
1 lunar month 



{ 1 year. 



1 common year 
i leap year. 
13 lunar months, or 52 weeks, 
are often considered a year. 



REMARKS ON THE TABLES. 

Money, — The coins mentioned are all in circulation : the word 
guinea is often used instead of 21 shillings. 

Avoirdupois Weight is used for all common goods. 

Tray Weight is used for weighing gold, &&, and for experiments 
in philosophy. 

Apothecaries* Weight is used in mixing drugs, which are sold 
by Avoirdupois. 

Liquid Measure, — 2 gills are considered half a pint in many 
places. 

Lineal Measure, dec. — 4 lineal perches or 100 links = 1 chain ; 
10 square chains or 100,000 square links = 1 acre. 

Time Table, — The average length of the year being considered 
365 days 6 hours, 3 common years and 1 leap year will come 
together ; but as the true length is 365 days, 5 hours, 51 seconds, 
this would give too many leap years ; and the correction is, when 
the century of the Christian Era cannot be divided by 4 without a 
remainder, it will be a common year. 

By the Calendar Months are meant January, February, &c. — 
February has only 28 days. 

Thirty days have September, 
April, June, and November. 
All other calendar months have 31 days. In the examples, when 
a lunar month is not intended, the length taken is 30 days. 
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ERRATA. 

Page 4. The sign for tlier^ore should be ,•„ and not •/; also at 
p. 41, line 25 ; p. 46, lines 22 and 23 ; p. 47, line 6 ; 
p. 60, line 6 ; p. 53, lines 16, 22, and 31 ; p. 65, line 20 ; 
p. 64, line 14 ; p. 67, line 10. 

7, line 14, 6 x 6 x 6, should be 5+6+5. 

8, line 5, 3x3x3x3x3, should be 3+3+3+3+3. 

9, Ex. 3, line 4, should be 42408856; line 6, should be 
24663778968. 

„ 58, line 13, '75000 should be -7500. 

„ m, line 4, Ex. 2, 15000 should be 15-000, and -625 should 

be -0625. 
„ 69, line 8, '346 should be 3-46527 ; line 9, 573670 should be 

57-3670. 
,. 72, the parts of each rate should have been placed one line lower 
75, line 20, £3 17 4 should be £Z 18 4. 
77, line 11, 2 w. should be 15 days. 
92, line 30, omit there before ^fo 
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ARITHMETIC. 



NUMERATION. 

1. By Arithmetic we are taught the use of numherSf 
and are instructed in finding the easiest and surest modes 
of calculating or reckoning. 

2. To effect this ten digits or figures (called Arahic 
figures) are made use of, and rules are given so that we 
can represent by means of them any number whatsoever. 

The first figure is written 1, and denotes the lowest 
number, and is called unit, unity, or one. 

The next is written 2, and called two, and means one 
and one. 

The remaining figures are 3 (three), 4 (four), 5 (five), 
6 (six), 7 (seven), 8 (eight), 9 (nine), each increasing by 
one. 

There is likewise another figure 0, denoting cipher, 
zero, or nothing. 

3. To represent any number greater than 9 it is cus- 
tomary to write two or more of these fis;ures together, and 
to make them increase in value tenfold as they stand fur- 
ther from the right hand. 

This is called their local value. 
Tlius 10 does not mean 1 and 0, but the number next 
greater than 9, which is called ten — so 99 would mc^ 

B 



NUMERATION. 



nine tens (or as it is called ninety) and nine, and is the 
largest number wbicli can be expressed by two digits : 
the number next higher will be written 100. 

Again^ 1 00 means ten tens (or as it is called one hun- 
dred). 

Similarly, 999 means nine hundred and ninety-nine : 
the number next higher will be 1,000 (one thousand). 

4. Also these figures, as they stand in the first place 
from the right hand, are said to stand in the imits place ; 
figures in the second place, in the tens place; in the third 
place, in the hundreds place, &;c., as is shewn in the upper 
part of the following table. 

Numeration Table. 






•a 



I 5 5 i^-s 

?ai -2g asS lgS s 

Ho^ <Qg§ sgj pgg P 

^gg ^aa t!£a f ss ^ 



^^a •sgi -sll. 's| 
^ ««« 5aS ^&t ^& 



l-So S's'S l-s^ I-Sl HO. 

|S| li^ 1S| Is| |3| 

fill filS fi^S fi^S fi^l 

9 17 24S 869 248 537 

£ 4 3 2 1 

Trillions Billions Millions Thoasands Units 

The number being written 917,243,869,248,537, and 
called nine himdred and seventeen trillions, two hundred 
and forty-three billions, eight hundred and sixty-nine 
millions, two hundred and forty-eight thousands, five 
hundred and thirty-seven. 

5 . Numbers are generally divided into periods of three 
figures each, counting from the right hand, thus, 917243 
869248537 is written 917,243,869,248,537; this is shewn 
in the lower part of the table, and the names of the 
periods attached. The object of these periods is to make 
\ding of numbers easier. 



NUMERATION. 3 

There is another method hy which numhers are diyided 
into periods of six, which is nol so convenient. 

6. The signs and names of the numbers between 10 
and 20 are the following : — 

11 12 13 14 15 16 17 

eleven twelve thirteen fourteen fifteen sixteen seventeen 

18 19 

eighteen nineteen 
The names and signs of the tens from 10 to 100 are 

2b 30 40 60 60 70 80 90 

twenty thirty forty fifty sixty seventy eighty ninety 

7. Notation teaches ns to write down any number in 
figures. 

Numeration teaches us how to read these figures, and 
tell what number is represented. 

8. Roman characters are often made use of to represent 
numbers ; they are the following, and the numbers they 
express are written in the line above them : — 

1234567 8 9 

I. II. III. IV. V. VI. VII. VIII. IX. 



10 11 12 13 








X, XI. XTI. XIII. &c. 








20 30 40 50 


60 


70 


80 


XX. XXX. XL. L. 


LX. 


LXX. 


LXXX. 


90 100 500 1000 








XC. C. D. M. 









QUESTIONS. 

What is Arithmetic ? What digits are used ? What 
do they represent ? Explain by how much each digit is 
greater than the one before ? What is the meaning of '^ * 



4 NUMERATION. 

How is the number next greater than 9 written ? What 
is 99 ? What comes after 99 ? How much is one thou- 
and ? How much is a million ? What is meant by units 
place ? Tens place ? Hundreds place ? Write out the 
numeration table ? How are numbers divided into periods? 
What is the use of periods ? How are they counted ? 
Give their names ? What is notation ? What is numera- 
tion? Write down the Roman characters as far as 10. 
What are the Roman characters for 34 ? 



EXPLANATION OP SIGNS MADE USB OF. 

+ Is read Plus, and shews Addition, or that the number follow- 
ing is to be added to that before. 

- Minu8, the sign of Subtraction of the number which follows 

from that before. 
X MvUiplied by, the sign of Multiplication. 
-~ Divided by, the sign of Division. 
= Equal, the sign of Equality betwe^ two numbeis. 
( ) Denotes that the number preceding or following has to be 

multiplied into every number contained between the lines. 
•.* Is sometimes used for Hher^ore ; '.' for because. 



CHAPTER I. 



SIMPLE ADDITION. 

9. When we have to find a number as great as two 
or more others taken together^ we do it by addition. 

Thus, " Add together 2 and 5,*' means what number 
is as great as 2 and 5 together, and the answer is 7. 

Rule. Place the numbers under each other so that 
umt9 stand below units, tens under tens, hundreds under 
hundreds, &c. Add the units together ; set down the 

(9.) The numbers are placed units under units, kc, because we 
then add together figures having the same local value, and their 
sum will have the same local value ; thus, if I have to add 53 and 
84, 1 cannot add 8 to 8, because 8 here means eighty units, and 3 
means only three units ; but I can add 8 to 5 and get thirteen, if 
I remember that 8 means eighty, 5 means fifty, and 13, a hundred 
iknd thirty. 

Thus, in the $rst example the figures in the units place repre- 
sent six units and seven units, now these added together give 
thirteen units; the figures in the tens place represent ninety an4 
and ten, these added together will give ten tens; the figures in 
the hundreds place represent seven hundred and four hundred, 
these added together give eleven hundred, similarly those in the 
thousands place will give twelve thousand. So the result of the 
addition is twelve thousand, eleven hundred, ten tens, and thirteen 
units. Kow to write this down we must add that part which ex- 
ceeds the units place to the tens, and similarly of the tens to the 
hundreds, and so on according to the words of the rule. 

We thus get thirteen thousand two hundred and thirteen. 

The same remarks apply to every example, and are a simple 
consequence of the law of notation, that the number in any place, 
when it exceeds nine, requires a higher place for its expression. 



b SIMPLE SUBTRACTION. 

last figure of this sum in the units place of the answer ; 
cany to add up with the figures in the tens place the re- 
maining figure or figures, if any ; place the last figure of 
of this second sum in the tens place ; carry the others, 
if any, to add up with the hundreds, and continue in the 
same manner till all are added up. 

Ex. 1. 4716 Ex. 2. 3658 Psoof. Add up, beginning 

8497 8397 at the top line and 

6940 counting downwards, this 

13213 7089 must give the same 

6268 answer. 



30352 



SIMPLE SUBTRACTION. 

10. Subtraction teaches how one number may be taken 
away from one greater : thus, 2 subtracted from 6 means 
I must take 2 away from 6, which leaves 4. 

BrULE. Place the number to be subtracted below the 
other, with units under units, tens under tens, as in addi- 
tion. 

(10.) ThiO reason of this rule is, that as erery number consists of 
units, tens, hundreds, &c., in subtracting two numbers units must 
be taken from units, tens from tens, and so on, to get the answer ; 
for the numbera which have the same local value may be sub- 
tracted from one another, as they have the same meaning ; but if 
the units to be taken away be greater than the units of the other 
number, some more units must be added to the latter ; we there- 
fore borrow one from the tens place, that is ten units, but we must 
remember when we come to the tens that one ten has been made 
use of in the top line, and therefore the next figure in the top 
line must be diminished by one, or what is the same thing, the 
next figure in the bottom line increased by one. 

The same reasoning exactly applies to the figures standing in 
higher places. 



SIMPLE MULTIPLICATION. 7 

Sabtract units from nnits, but if the number in the top 
line in the units place be less than the one below, ten 
most be borrowed and added to it, and then the difference 
be taken : proceed in the same way with the tens and hun- 
dreds, increasing the next low^ figure by one, when we 
have been obliged to borrow jast before. 

Ex. 18213 Pboop. To prove the eorrectneas of the 

8497 working, add the remainder to the 

number subtracted ; this will £^ye the 

4716 top line. 



SIMPLE MULTIPLICATION. 

11. By this rule we find how much a number will 
amount to taken (that is added to itself) any number of 
times : thus, 5 multiplied by 3 means 5 added to itself 3 
times, or 5 X 5x5, that is, 15. 

The number to be multiplied or taken the required 
number of times is called the multiplicand, and (the num- 
ber of times it is to be taken, that is) the number by 
which it is to be multiplied, the multiplier, ana the answer, 
the product : thus, 5 is the multipUcand, 3 the multiptier, 
and 15 the product. 

* - " * — ^^ I I III ■^■■■■[■l, ■ -. -■ ^ , ,|_ I ■ Ml II M ■ ■>»■ 

(11.) Multiplication is merely a rule for performing addition 
when the numbers to be added are all alike. In £x. 1, 7369 
multiplied by 8 means 7369 added to itself eight times, and we 
apply our tables in the following manner : 7369 is 7000 + 300 + 
60 + 9, and this added together eight times by our tables, or by 
actual addition (since 8 times seven is 56, &c.) is 56000 + 2400 
-h 480 + 72. Now to write this down we must carry on 70 to 
480 which gives 550, and again 500 to 2400 which gives 2900, 
and 2000 to 5600 which gives 58000 : we thus get 58000 + 900 
50 + 2 or 58952, and we have done e^^actly as Bulo 1 directs. 



8 SIMPLE MULTIPLICATION. 

We may make the multiplicand the multiplier^ and the 

product will be the same ; but we must always take care 

to take as the multiplier the smaller number, as it makes 

the work easier : thus, 3 multiplied by 5 is the same as 5 

X 3, as it is 3 X 3 X 3 X 3 X 3, or 15. 

The multiplication table must be learnt to know how 
many the numbers below 13 will amount to, each repeated 
(or multipUed) as many times as possible below 13. 

Rule 1 . Place as in addition, multiply the units place 
in the top line by the multiplier (if less than 13), place 
the units down in the answer and carry the tens, next 
multiply the figure in the tens place and add the tens 
carried, write down the tens and carry the hundreds, and 
so proceed till all are multiplied. 

Ex. 1. 7369 
8 



58952 



KuLE 2. If the multiplier be greater than 12, multi- 
ply by the figure in the units place, as in rule 1, then by 
the figure in the tens place, but place the first figure 
beneath the tens, and the next under the hundreds, &c. 

If there be any more figures, the first figure of each 
iresh product must be put under that we are using as 
multiplier. 

Add all the rows of figures up, as in addition^ md the 
result will be the answer. 

In the next rule the reason the figures are mored one place 
higher is (taking Ex. 2 as a guide) that 3472 is not multiplied (or 
added together) 8 times, but 80 times; not 5, but 500; and the zeros^ 
which would stand under the units, tens, &c. place, are left out in 
the process. 
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Ex. 2. 8472 

687 


Ex. 3. 6058408 
4071 


24304 
27776 
17860 


6058408 
44208856 
242336320 


2088064 


24653778968 



It must be carefully remembered that where there is 
a cipher in the multiplier^ it must be counted, and, as in 
example 3, 2 put under the third figure 8. 

Pboof. Add the digits up in the multiplier and multiplicand, 
find the product; add all the digits together in the answer : divide 
each by nine. The remainders will be the same if the sum be 
iroiked correctly, if not, the sum is wrong (and may be wrong 
eyen when the remainders are the same). 



SIMPLE DIVISION. 

12. In division one number which is the greater is to 
be divided by another, that is, the less is to be subtracted 
from the greater as many times as possible ; and we are 
asked to find how often the less is contained in the 
greater, or how often the less number can be subtracted 
from it. 

The greater number is called the dividend, the less the 
divisor, the answer the quotient, which tells how often the 

(12.) Division is simply subtraction when the same number has 

to be subtracted as many times as possible, and we are required to 

find the number of times. To explain the rules, taking example 

Bole 1. for our guide ; here we are required to subtract 8 from 

73,683,509 as many times as possible. Kow this is 73,000,000, 

600,000, 80,000, 3,000, 500, and 9, but 8 will not subtract exactly 

from the parts excluding zeros of these numbers : it is better to 

{mt them under the form 72,000,000, 1,600,000, 80,000, 3,200, 240, 

64, and 5, as we see at a glance that eight can be subtracted exactly 

b2 



10 SHORT Dmsioy. 

less is oontained in the greater, or how often it may be 
sobtracted from it. 

The mnltiplication table most be made use of to find 
how often any number np to 12 is oontained in any other 
number np to 144. Thus, if we are asked " What is 48 
divided 6y 6 ? " find how oft;en 8 is oontained in 48 ; the 
tables tell ns that 8 multiplied by 6, that is, taken 6 times, 
is 48, therefore 8 is contained 6 times in 48, or 48 divided 
by 8 gives 6. 

Short Diyision. Rui^ 1. When the divisor does 
not exceed twelve, write the divisor and dividend in the 
same line, with a mark or line between them. Find by the 
table how many times the divisor can be mnltiplied so as 
not to be greater than the first figures of the dividend. 
Put this number below, and cany on the number by 
which the first figures are greater than the multiplicand 
to the next figures, placing' it before them : proceed as 
before, placmg the next multiplier in the line below after 
the first : continue till all the figures have been divided, 
and place the last remainder, if any, with the divisor 
below it in a line with the quotient. 

liz. 1. 8 ) 73683509 

9210438i 

Here 73 is found in the tables to give 9, and 1 remains 
to carry to 6 which makes 16, which we find in the tables 
to give 2 and no remainder : 8 gives 1 and no remainder : 
3 we cannot divide, we therefore put zero and carry 3 : 

from all but the last ; bat this is doing just as the rule tells us, 
namely, prefixing what the divisor will not exactly anbtract (or be 
exactly mnltiplied into) in the first fig^oies to the next figores, and 
so continuing. The result is 9,000,000, 200,000, 10,000, 400, 30, 
8, with a remainder, 5, or 9,210,438 with remainder 5. 



LONG OIVIdtOM. 11 

35 gives 4 and cany 3: 30 gives 3 and cany 6 : 69 gives 
8 and 5 remainder. 

13. Long Division. Bijle 2. When the divisor 
is more than 12> place the numhers as before with a line 
between them> and a Une at the other side of the dividend. 
Find how many times the divisor may be multiplied by a 
number between and 10, so as not to exceed the first 
figures of the dividend. Place the multiplier in the quo- 
tient, and write down the multiplicand under the first 
figures of the dividend, and subtract ; bring down the 
next figure (or two if necessary) in the dividend, and place 
it after the remainder ; find another multiplier as before, 
place it after the first figure in the quotient ; subtract the 
multipHcand from the number in the bottom line, and 
proceed, in Hke manner, bringing down figures till 
they are all brought down, and write the remainder, if 
any, in the same hue with the quotient, with the divisor 
under it. When two figures have been brought down at 
once, a zero must be written in the quotient before we 
write the next multiplier — when three, two zeros. 

Ex.2. Divide 9342 by 27 Ex.3. Divide 138716 by 34 

27 ) 9342 ( 346 34 ) 138716 ( 4079H 

81 136 

124 271 

108 238 



162 836 

162 306 



80 



(18.) Similar reasoning precisely applies to long division, the 
only difference being in the manner of writing down the process. 
The remainder is written, as directed, in the quotient, with 
the divisor nnder it, to shew that there remains something which 
we cannot divide any more. 



12 CONTRACTKD DIVISION. 

Pboov of both Bulbs. Mnltiply the qaotient by the divisor and 
add the remainder, the resnlt will be the dividend if worked 
correctly. 

Pboov foe MuiTiPLioATioir. We may now prove multiplication. 
In all cases, by dividing the product by the multiplier; the 
quotient will be the multiplicand if the sum be right. 

14. KuLB 8. OoKTBAOTBi) Dfvisiok. When the divisor ends 
in one or more ciphers the following rule applies : — 

Strike off the ciphers, and as many figures at the end of the 

dividend; divide the figures remaining as before; write tlie 

figures struck off at the right of the remainder, and place the 

number they form in the quotient with the divisor beneath it, 

including the zeros. 

Ex. Divide 2625738 by 8100 This is simply an abbreviation 

81,00 ) 26257,38 ( 824Hf » for 8100 ) 2925738 ( 324HH 

243 24300 



195 Divide 3567 by 20 19578 

162 20 ) 366,7 16200 



337 178|^ 33738 

824 32400 



1338 1338 

15. BuLE 4. When we can find two or more numbers less 

(15.) It is obvious that if we multiply the quotient by each of 
the divisors successively, that is, by the entire divisor, we shall 
get the dividend, which proves the correctness of the rule. 

The remainders are written in the manner directed for the fol' 
lowing reason : — ^The number written below the remainder denotes 
that the latter ought to be, but cannot be, divided any more: bat 
the number in each line is the result of exact division; henoe the 
remainders have undergone all former operations, but can be dl^ 
vided no more, and would therefore be written in the last line 
with the numbers by which each ought to have been divided 
below. But if we multiply by the divisors which have preceded 
(as in rule), then each ought to be divided by the entire divisor; 
and as then all the remainders ought to be divided by the entire 
divisor, we may add them together before shewing the division. 
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than 13, which multiplied together equal the divisor, the following 
rule is of use : — Dlride by one of them as in short diyision, and 
the quotient by one of those remaining, and continue till all the 
numbers hare been divisors. Write each remainder in aline with 
its quotient, with its divisor below. Multiply each remainder bj 
all the divisors, except its own, which have preceded it Add all 
the products together, and write their sum in the answer with the 
entire divisor below. 
Divide 786498 by 48 6 ) 736498 Here 6 (the last 



Here 6 X 8 = 48 

8 ) 122749f 

Hence 1534311 is the 

answer. 16343f, 



remainder) multi- 
, -. plied by 6 = 80, 
' * " then4 mustbeadded, 

which gives 34. 



QUESTIONS ON THE SIMPLE RULES. 

What is Simple Addition 7 What does ^* add together 
2 and 5 " mean ? What is the rule for addition ? What 
is Subtraction ? What does " subtract 2 from 6" mean ? 
Give the rule for subtraction. What is Multiplication ? 
What nimiber is called the multiplier ? What the multi- 
plicand ? What number the product ? What does " 5 
multiplied by 3*' mean 7 If I make the multiplicand the 
multiplier^ will the answer be the same ? Which of the 
numhers ought I to choose for the multiplier ? What is 
the use of the multipHcation table 7 Give the rules for 
multiplication. What is Division? Which number is 
called the divisor? Which the dividend? Which the 
quotient? Which the remainder? How must the 
multipHcation table be used? In 48 divided by 6^ 
what are we to find? Which is here the dividend? 
When must short division be used ? What is the rule ? 
How is the remainder to be written ? When must long 
division be used? What is the rule? What is con- 
tracted division 7 What is the 4th rule in division ? 



CHAPTER II 



REDUCTION. 

16. Bj Reduction we bring numbers denoting certain 
denominations of money^ weights, or measures, to any 
required denomination. 

Rule 1 . To reduce a quantity of one denomination to 
another next lower. Multiply the former by the number 

(16 — 18.) We have so far been concerned with mere nnmbers, 
or, 00 they are called, abstract numbers. But, as arithmetic 
teaches how all quantities maybe represented by numbers, we are 
now about to consider how this may best be done. 

The way is to call some quantity one, or write it as 1, then all 
quantities of the same nature will be represented by numbers, — 
thus, if we write one penny as 1, five pennies will be written 5, 
twenty pennies will be written 20, as five or twenty means fire or 
twenty times one, but one is one penny. 

But if we call one penny 1, it does not follow that twenty inches 
will be written 20, as, if it were so, we could have no means of 
telling whether 20 would mean money or inches, or some weight. 

This difficulty is obviated by choosing a different unit for each 
thing of a different nature, — ^that is, we fix some quantity of 
money to be our one or unit, when money is concerned ; another 
quantity to be our unit when length is concerned, as one inch ; and 
another quantity for each thing of a different nature,-—and either by 
words or some mark indicating whether a number means length, 
money, &c., when there is any likelihood of misapprehension. 

Now« these units need not always be kept the same, for it is not 
always convenient, for instance, in money, to take one penny for the 
unit or one, for if we want to write 20 pounds, we cannot write it 
20, but must consider how many pence we must write instead. 



REDTJCTtON. 15 

of things of the latter denomination there is in one 
of the former denomination. If a lower denomination 
still be required, reduce again to the denomination imme- 
diately lower, and continue till we arrive at the required 

denomination. 

Ex. 1. Beduce £6 to shillings, also to pence. 
£ 6 
20 



120 shillings, beeauae there are 20 shillings in a pound. 
12 

1440 pence, becaase there are 12 pence in a shilling. 



17. RtJLB 2. To reduce a quantity of several denomi- 
nations to one common denomination. Reduce the 
highest denomination to the one next lower; add the 

Beduction teaches how these units may be changed, and how we 
may write numbers meaning things of one kind (as pounds) as 
numbers meaning things of another kind, but of the same nature 
(as pence) ; thus, in the first example, £6 is required to be written 
as shillings ; now, every pound contains 20 shillings, therefbre 
£6 contains 6 times 20 shillings, or 120 shillings ; hence, if I 
write £6 as shillings, I must multiply by 20, and write 120. This 
explains Eules 1 and 2. 

Also, suppose I write 120, and it means 120 shillings, but I 
wish to consider one pound as my unit or one, 6 will then mean 6 
pounds, or 120 shillings, and each one is now 20 times as great as 
it was, therefore I must divide by 20 to get a number which will 
mean the same. This explains Rule 3. 

All such numbers are called concrete numbers. 

It will be well to observe that when we are merely treating of 
abstract numbers, it may be sometimes convenient to change the 
unit ; thus, supposing I have a number 160, if I agree that every 
ten of this number shall be represented by one, it may be written 
15, for every unit or one is worth ten of the other units, therefore, 
15 units are worth 16 times ten of the other units, or 160, 



16 RBDUCTION. 

quantity in this denomination ; redace again^ add as be- 
fore, and proceed till all are reduced to the denomination 
required. 

Bx. 2. Bednce X6 7«. id, to pence. 

X 6 7s, id. 
20 

127 BhiUingB. 
12 

1528 pence. 

18. BuLE 3. To express a quantity of one denomina' 
tion by another of higher denominations. 

Diyide by the number representing how many of this 
denomination there are in the next higher ; the quotient 
will be in the next higher denomination^ the remainder 
in the first denomination. Divide again by the number 
producing the next denomination, and proceed as far as 
required, recollecting that the quotient is always one de- 
nomination higher than the remainder, — the last quotient 
will represent the highest denomination required, and the 
remainders the successive lower denominations. 

Ex. 8. Bednce 1528 pence to shillings and pounds. 

I2)1528c;. 

- 

2,0)12,7«. id. 



Am. £8 7«. id. 



It is often better to apply Rule 4 in division, thus, to 

bring 57302 ounces avoirdupois to pounds, &c. 

Ill I ■ — -^^ — ■- 

Again, suppose I did not choose to hare so manj as ten figures, 
but kept my unit just the same, and after, for instance, 6 instead 
of 7, 1 wrote 10 £6r 8, 11, and so on, it is clear I could represent 
all numbers so. This is called changing the scales of notati<m, 
and when there are ten figures made use of, numbers are said to 
bt^written in the scale of ten. 
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Here there are 16 oz., or 4 x 4 oz., in a lb.; 28 Iba., or 7 x 
4 Ibs.^ in a quarter ; 4 qrs. in a cwt.; and 20 cwts. in a ton. 
4) 57302 

4) 14325... f 

' 6 oz. Mnltiplying 1 by 4, and adding 2, we 



...i) 



7) 8581... i 3 get 6, which will be oz. 



4) 511. ..f) 

V 25 lbs. Here 3 x 7 is 21, adding 4, we get 

4)127...} ) 25, which wUl be lbs. 

2,0) 3.1.. .3 

■ Cwts. Qrs. Ll». Oz. 

Ton 1 11 8 25 6 

In Lineal Measure, when we have to bring perches to jards, we 

must multiply by 1 1, and divide by 2 ; the remainder, if any, wiU 

be half a yard. In bringing yards to perches, we must multiply 

by 2, and divide by 11. The remainder, if any, will be in half 

yards. 



COMPOUND ADDITION 

19. Is the addition of like quantities, denoting money 
or some other article, but not reduced to the same denomi- 
nation. 

(19 — 20.) These rules almost explain themselves : we place like 
denominations under each other, just as figures having the same 
local value, and, as they mean exactly the same thing, can add or 
subtract them as numbers ; where, in adding, we get a number in 
one denomination amounting to more than are contained in a 
higher denomination, we carry, in compliance with custom, the 
excess to the next denomination : thus, in the example, the pounds 
(5 and 3) added, give 8 pounds, the shillings (9 and 16) give 25 
flhillings, the pence (6 and 8) give 14 pence, the farthings (f and 
i) give Q/I; we do not write it £8 25tf. 14<2. 5/.; but since 25 shil- 
lings is £1 5s., 14 pence Is. 2d,, 5 fiirthings 1^., we add one 
pound to the pounds, one shilling to the shillings, and one penny 
to the pence, and write £9 6s. ^d. 



18 COMPOUND SUBTRACTION. 

RuLB. Place quantities of like denominatioiis under 
each other, the lowest being at the right hand. 
Add the quantities of the lowest denomination together ; 
bring the result to a higher denomination ; place the re- 
mainder under the last column; add the part in the 
higher denomination up with the next column, and con- 
tinue till all the columns are added up. 

Ex. PXOOF. 

£ s. d. 

5 16 6A 7 2 6} Add, beginning 

3 9 8} 6 18 with the top row, 

and counting 
downwards. 



£9 6 8^ 



Yd«. 


Ft. 


In. 


7 


2 


H 


6 


1 


8 


10 





7J 


5 


2 


34 


Yds. 30 


1 


14 









COMPOUND SUBTRACTION. 

20. Here we hare to subtract a quantity in several de- 
nominations from another of the same kind, but greater. 

Rule. Place as in addition ; subtract the quantity in 
the lowest denomination from the same quantity in the 
top line, adding in one of the next higher denomination 

■ ■ ■ ■ ^-m iM^Bi ■ I ■ II -.. — .1- ■ ■ ..I -■■■■■I — ^—^ 

(20.) Slmiloriy in the example in Subtraction, we cannot sab- 
tract } from i, but from 1:^. But we must remember, when we 
subtract the pence, that we have borrowed one pennyfrom the top 
line, and that there are really only five pennies left to be subtracted 
from* 8(2. from 5d. (or 9d. from 6d.) is impossible ; but borrow- 
ing a shilling, we then get the difier^nce — 9d.; we have, therefore, 
only 15 shillingB left ; we can subtract 9 from 15 (or 10 from 16), 
and we haye 69. left. We next subtract £3 from £5, and there 
remains £2 ; we have now subtracted the smaller quantity com- 
pletely, and the result is £2 6& 9\d, 



COMPOUND MULTIPLICATION. 19 

if necessary ; continae, in like manner, adding one to the 
bottom line in the next operation, when one has been 
borrowed just before. 
Ex. Subtract £3 9«. SJd, from £5 16a. Qid, 

£ 8» d, 

6 16 64- To proTe, add the less 

3 9 S| to the answer, — ^the sum 

will be the greater. 

X2 6 9§ 



COMPOUND MULTIPLICATION. 

21. Here only one is a quantity representing money or 
any other article, and the multipUer is a mere number. 

Rule 1. Place the multiplier under the number in the 
lowest denomination, which multiply, carrying as in com- 
pound addition, and so proceed with all the denominations. 

Rules. When the multiplier consists of more than 
12, we must try to find two numbers which, multiplied 
together, will equal it, and multiply by each in succession. 
If it cannot be so divided, the 1st rule must be applied. 

A rule hereafter to be given (in Practice) will be the 
best when the number is very large. 

Multiply £S Is. 9jrf. by 6, and also by 18. 

£ s, d. 

3 7 9:t Proof. 

6 Beduce the product to 

' one common denomina* 

20 6 7i Ana. in the Ist case. tion, divide by the multl- 

3 Because 6 x 3 is 18. plier, and bring the quo- 

— :— - — tient to higher denomi- 

^60 19 10^ Ans. in the 2nd case. nations, — this ought to 

give the multiplicand. 



(21.) By this rule we find how much any quantity in several 
denominations would amount to added to itself any number of 
times, 9Sid the easiest method is, manifestly, considering how 



(20) 

COMPOUND DIVISION. 

22. Here the divisor is a mere number^ the dividend a 
quantity in several denominations. 

Rule 1 . Place the divisor in the same line with the 
dividend, with a line between them; divide the term 
of the highest denomination hj the divisor ; place the 
quotient in a line below ; reduce the remainder to the 
next denomination, and add the quantity in that denomi-* 
nation ; divide again, and continue till all are divided. 

Ex. 1. Divide £20 6s. Id. by 6. 

£ i. d. 
6) 20 6 7 

£8 7 9i 



Rule 2. When the divisor is more than 12, we must 
find numbers not greater than 12 whose product will equal 
it, and divide by each successively. 

Rule 3. Or divide as in Long Division : put the quo- 
much each denomination would amount to repeated the required 
number of times, and writing all down, carrying the excess of each 
sum over that which can be written in that denomination to the 
next higher : but this amounts to the same thing as the rule. 

(22.) Division is, finding a less quantity which is contained a 
required number of times in a given quantity. The rule separates 
the denominations into such parts as to admit in each denomi- 
nation of finding numbers in that denomination contained in 
these parts the required number of times : thus^ £20 6«. 7d, is 
8epa|;ated into £18, £2 28,, or 42 shillings, and 4«. 6d., or 54 pence 
and one penny, because 8 pounds are contained exactly in 18 
pounds, and no higher number of exact pounds can be found con- 
tained in 20 six times ; 7 shillings are contained 6 times in 42 ; 
9 pence 6 times in 54 pence ; and there is a remainder of one. 
Hence we see, £3 7s. 9d, with a remainder of one, is contained 6 
times in £20 ^. 7d, and we have worked exactly as the rule 
directs. 



C0MP0T7ND DIVISION. 21 

tient of the figures in the highest denomination, as the 
first term of the answer ; bring the remainder to the next 
lower denomination, and add in the part in that denomi- 
nation; diyide again, placing this quotient as second 
term ; reduce, and so continue till all are divided, reducing 
the last remainder lower if required. This Rule is uui- 
yersal. 

Ex. 2. Divide £579 6tf. 9<2. bj 18. 8. Also by 29. 

^ i, d. M $. d, 
29) 579 6 9 (19 19 61 
29 



Ex. 2. 


£ i. d. 
6) 679 6 9 

3) 96 11 1^ 




289 
261 

28 
20 




£82 3 8^ 


29) 


566 (19a 
29 

276 
261 



Proof for Ditisioh. Multiply the 1 5 
quotient by the divisor ; add in the 12 
renudnder, — ^the product must be the — 
dividend. 29) 189 (6d 

174 

Proof for Multipuoation. We — 

may now prove multiplication by di- 15 

viding i^e product by the multiplier^ 4 

— ^this must give the multiplicand. — 

29) 60 (2/ or \d, 
58 

23. It must be particularly noticed that like quantities 
only can be added or subtracted from like quantities ; we 
cannot add feet to shillings, or subtract one from the 
other. 

Also, in Multiplication and Division, the multiplier fuid 



22 QUESTIONS ON THE COMPOUND RULES. 

diTiaor must be abstract numbers ; we cannot multiplj 
shillings by shillii^, — such a thing as 8 shillings taken 
3 shiUiDgs times can have no meaning. 



QUESTIONS ON THE COMPOUND RULES. 

What is Reduction? What is meant by denomination? 
How can I reduce a quantity in one denomination to the 
next lower ? How can I reduce a quantity of several de- 
nominations to one denomination ? How can I bring a 
quantity in one denomination to others of a higher de- 
nomination ? When must Rule 4 in division be used ? 
How must perches be brought to yards ? How yards 
to perches ? What is Compound Addition ? Are the 
quantities added together of the same kind ? What is 
the rule? What is the proof? When the quantities 
are all equal, what other rule may be applied ? What is 
Compound Subtraction ? Are the quantities of the same 
kind ? Give the rule. What is the proof ? What is 
Compound Multipheation ? What kind of number is the 
multiplier? Give the rule when the multiplier is less 
than 13. When the number is greater than 12, how 
must we proceed ? What is the proof? What is Com- 
pound Division? What kind of number is the divisor? 
Give the rule when the divisor is less than 13. How 
must we proceed when the divisor is greater than 13? 
What is the proof in compound division ? What proof 
may now be used in compound multiplication ? 



CHAPTER III. 



ELEMENTARY PRACTICE. 

24. Practice teaches how much any nnmher of things 
will amonnt to at a given price each article. 

Or if the price of any namher of things be given, to 
find the price of each. 

Rule 1. If the price be in one denomination, multiply 
it by the number of things, as in Simple Multiplication ; 
bring the product to higher denominations, if necessary ; 
the result will be the price of the whole. 

RtTiiE 2. If the price be in several denominations, 
multiply as in Compound Multiplication. 

£x. 1. Find the price of 60 yds.. ® Sd. per yd. 

60 yards. Ex. 2. 6 yds., @ at X3. 6«. 8d per yd. 



3 

12) 180 


£ a, d. 
3 6 8 
5 


15 shillings. 


£16 13 4 



Rule 3. If the entire cost be known, and the price of 
each reqmred, divide by the number, bringing the re- 
mainder into lower denominations, and dividing again. 

Ex. 8. If 8 yds. cost £17, how much will one oost 1 

dB s. d. 

8) 17 
£2 2 6 



Ex. 4. If 6 yds. cost £9 7«. 8d, what is that per yd. 1 

S *, d. 
6) 9 7 8 



£1 11 3| 



(24) The reason of these rales is self-evident : if each one cost a cer- 
tMn price, any number of things uinst cost that number of times 
as much, and the reverse. 



(24) 

SIMPLE PROPORTION. 

(Thifl is generally called Bale of Three.) 

25. By this rule we are taught how to find a fourth 
quantity when three quantities are given (having a certain 
rektion to each other), of which two only are of the same 
kmd^ and the third of the same kind as the required 
answer. 

Rule. Place the quantity of the same kind as the re- 
quired answer in the 3rd place. 

If the answer will he greater than this, the greater of 
the other two terms must he placed. 2na. 

If the answer will be less than this, the less must be 
placed 2nd. The other term must be placed 1st. 

Reduce the 1st and 2nd terms to the lowest denomina- 
tion mentioned m either, taking care to reduce them to 
the same denomination, and the 3rd term to the lowest 
denomination mentioned in it. Multiply the 2nd and 
3rd terms together, and divide by the 1st, the quotient 
will be the answer, expressed in the denomination to 
which we have reduced the 3rd term, and must be raised 
to the highest denomination possible. 

If the 1st term be greater than the 2nd, the drd will 
sometimes have to be reduced lower before dividing. 

(25.) The reason of the rule may be given briefly as follows : when 
we have reduced to the same denomination, if we divide the price 
by the number of things bought, we get the price of each one 
thing, and multiplying by the number we wish to buy, gives us 
the price we want; now, if we multiply first, as in the rule, and 
divide last, it can make no difierence in the answer. We reduce 
to the same denomination, since if, for instance, 1 inch cost 1 
shilling, 3 yards would not cost 8, but 108 shillings; for each 



SIMPLE PROPORTION. 



25 



The remainder must be reduced^ if possible, and 

divided again. 

Ex. 1. If .8 feet cost £1 7tf. 9d,, what will 5 feet 7 IncbeB cost 1 
ft. ft. in. £ 8, d. 
8 : 5 7 :: 1 7 9 
12 12 20 



36 67 



27 

12 



338 

67 



2331 
1998 



12 

36) 22311 (619 
216 



71 
36 

851 

824 

27 

4 



20) 5,1 7 



X2 11 7i 



Here the answer will 
be in money, therefore 
£\ 78. 9d. is the last 
term; the number to be 
bought is greater, there- 
fore the price or answer 
will be greater. Hence, 
5 feet 7 inches must be in 
the 2nd term, and 3 feet 
the 1st ; inches is the low- 
est name mentioned in 
either the Ist or 2nd, 
and therefore they must 
be reduced to inches ; 
pence is mentioned in 
the middle term, and 
it must be reduced to 
pence. 



Men. 


Men. 


Bays. 


4 : 


8 :: 


6 
8 



86) 108 (3 
108 

Ex. 2. If 8 men do a piece of work in 6 dajs, how long will it 
take 4 men 1 

Here the answer will be in time, 
therefore, 6 days will be placed 
last ; now since there are fewer 
men, and they do the same piece 
of work, they will be longer over 
it; hence, the answer will be 
greater than 6, therefore 8, the 
greater of the other two terms, 

must be placed second, and 4 will 

be first. 

yard, being 86 inches, costs 36 shillings. In Ex. 1, 8 feet (or 86 

inehea) cost £1 7«. 9(2. (or 838 pence); therefore one inch cost the 

86th part of 833 pence, or 9^., and 5 feet 7 inches (or 67 inches) 

will cost 67 times as much, or £2 11«. 7}c{. 

c 



4) 48 



12 days. 



26 SIMPLE PROPORTION. 

2. When there are any numhers which will divide both 
the 1st and 2nd9 or the Ist and drd, they may be struck 
out. 

We must take care, however, not to apply this rule to 
numbers which divide the 2nd and 3rd. 

Thus— 4 : 8 : : 6 Now 4 divides both 

the 1st aud 2nd. 
Hence this becomes 1 : 2 : : 6 

2 

12 days. 

The reasoning in cases like the 2nd example will be as follows : 
As the work is the same, the labour employed must be the same; 
but if we reduce to 'the same denomination, the labour employed 
in the first case will be correctly estimated by the number of men 
multiplied by the number of days they work (thus, in the exam- 
ple we have 48 days' work of one man). Hence, I must find such a 
number, that multiplied into the number of men or days, it will give 
the same days' work (thus, 4 must be multiplied so as to give 48 
days). But the product divided by the Srd number will evidently 
give this (for the quotient multiplied by the divisor reproduces 
the dividend), and will be in the same denomination as the cor- 
responding term of the same kind. 

Reducing to the same denomination is absolutely essential; thus, 
if I am asked if 8 men do a piece of work in 2 months, how 
many men can do it in 15 days ? 8 x 2 would represent months' 
work, but 15 X a number, would only represent days' work, and, 
therefore, could not be equal to the same number of months' work. 

2. The reason we can divide as stated, is, that in working we 
divide the product of the 2nd and Srd terms by the Ist. But we 
may divide any divisor and dividend by the same number, and the 
quotient will still be the same. But since dividing the dividend 
alone would make the quotient less, it is evident we cannot strike 
ont in the 2nd and Srd alone and obtain the same result. 



(27) 

QUESTIONS. 

A 1 . What does Practice teach 7 2. How most the 
price of any number of things be found from that of one ? 
3. How of one from that of several ? 

B 1. What does Simple Proportion teach T 2. How 
many quantities are of the same kind ? 3. Of what kind 
is the other ? 4. Which quantity must be placed as the 
5rd term? 5. Which quantity 2nd? 6. Will the 1st 
and 2nd terms be of the same kind ? 7. To what deno- 
mination must they be reduced ? 8. To what must the 
3rd term be reduced ? 9. Must it ever be brought lower ? 
Which terms must be multiplied together? 10. By 
which term muFt we divide? 11. In what denomina- 
tion will the quotient be ? 12. Must the remainder be 
reduced lower ? 

C 1 . When the price of a greater number of yards is re- 
quired, will the price be greater ? ft. Which will be 
placed as 3rd term ? 3. Which as 2nd term ? 

D 1 . When a greater number of men do the same piece 
of work as a smaller number, will the time be shorter ? 
2. What quantity will be placed Srd? 3. What 2nd? 

E 1 . When the 1st and 2nd terms can be divided by the 
same number, how is it better to work ? 3. Does the 
rule apply to the 1st and 3rd? 4. Does it apply to the 
2nd and 3rd ? 



BARTER. 

26. Barter is a rule by which goods are exchanged for 
others of the same value. 

(26.) The valne of the goods to be received must be the same as 
those given ; conBeqnently we must find the number which 



28 SIMPLE INTEREST. 

BuLE. Find the value of the goods to he bartered : 
reduce this amount, and the price to be given> to the same 
denomination : divide by the latter, the quotient will be 
the answer. 

When the price is required, divide by the number to 
be bought, reduced, if necessary, to one denomination. 

Reference must be made to Art. 81, for an example, when none 
U given with the Bule. 



SIMPLE INTEREST. 

27* This is the price paid for the use of money, and is 
generally reckoned at so much for a hundred pounds for 
one year, or so much per cent, per annum. 

Bule I. Multiply the principal (or sum lent) by the 
rate per cent, per annum, and divide by 100. This will 
give one year's interest. 

Rule 2. Multiply this by the number of years. 
This will give the entire interest : adding the principal, 
we have the amount. When there is, besides, a part of 

mnltiplied by the price of each article will give the same amount. 
But dividing the amount by the rate evidently gives the number, 
or dividing the amount by the number received gives the rate. 

(27.) 1. The rate per cent, per annum is the interest of £100; 
therefore the rate per cent, divided by 100 is the interest for £1. 
2. This multiplied by any number gives one year's interest for 
that number of pounds : multiplying by the number of years 
we get the entire interest. 8. Also the interest for one year divi- 
ded by the number of days in the year gives the interest for one 
day. Multiplying by any number we get the interest for that 
number of days. 5. The interest for one year divided by the 
number of pounds is the interest for one pound. This multiplied 
by 100 will give the interest for £10(V or the rate per cent. 



J 



COMMISSION. 29 

a year, add the sum found by the following rule, for the 
time less than a year. 

Rule 3. Reduce one year and the time to the same 
denomination : multiply the interest for one year by the 
time, and divide the product by the time in one year. 

Rule 4. When the number of years is required. 
Divide the entire interest by that for one year. 

Rule 5. When the rate per cent, is required. Di- 
vide the entire interest by the number of years. This 
wiU give one year's interest : multiply by 100, and divide 
by the principal : this will give the rate per cent. 

Ex. Find the interest and amoimi of £330 for 3 years at 6 per 



ent. per annmn. 


£ 

330 
5 


Here £330 maltiplied by 5 and 
divided by 100 gives £16 10*., 
one year's interest; multiplying 
this by 8, we get £49 10«. as 
the entire interest. Adding 
the principal, £800, we find the 
amount £349 10«. 


1,00) 16,60 

16 10 
3 


49 10 
300 




£349 lOtf. 







COMMISSION, &c. 

28. Commission or Brokerage is the rate per cent, 
given to an agent for the buying or selling of any article. 

Insurance is a per centage paid for a sum to be given 
in case of loss by fire. 

Rule. The rule is the same as that for Simple Interest 
for one year^ namely^ multiply the amount by the rate 
per cent, and divide by 100. 



(30) 

STOCKS. 

29. Stocks are government securities paying a certain 
rate per cent. From various causes tbey are often to be 
bought at prices different from the nominal value. 

Rule 1. To find how much must be given for a 
certain amount of Stocky at a stated price per hundred. 
Multiply the amount to be purchased by the rate per 
hundred, and divide by 100. 

Rule 2. To find how much Stock a given amount 
will purchase. Multiply the given sum by 100, and 
divide by the rate per cent. 

Rule 3. To find yrhat will be the rate per cent, per 
annum obtained by purchasing Stock at a given price. 
Multiply the rate per cent, per annum of the Stock by 
100> and divide by the price given. 

To find the income derived, we must multiply by the 
amount invested, instead of 100. 

(29.) Bule 1. The price per hundred divided by one hundred 
gives the price for one pound's worth of Stock, and this multiplied 
by the number to be purchafied gives the price for that amount of 
Stock. 2. One hundred pounds of Stock divided by the price per 
hundred is the amount one pound will purchase (for this multiplied 
by the price of one hundred will give £100 of Stock) ; therefore, 
' multiplying by the sum to be invested, we have the amount 
of Stock for that sum. 3. The rate per cent, per annum of the Stock 
is the interest for the price given for 100 ; therefore, dividing by 
the price given we find the yearly interest of one pound, this mul- 
tiplied by 100 gives the interest for one hundred invested, or by 
any other number of pounds, gives the yearly interest for that 
sum invested. 



(31 ) 

PROFIT AND LOSS. 

30. The Profit or Loss on selling goods^ bought at a 
given price and sold at another, is calculated by the 
following rules. 

Rt}le 1. To find the Profit or Loss per cent. Find 
the Profit or Loss on the amount given. Multiply it 
by 100, and divide by the amount. 

Rule 2. To find how goods must be sold to gain 
so much per cent. Multiply the price at which they are 
bought by IOO9 together with the rate per cent., and 
divide by 100. 



PARTNERSHIP. 

31. When two or more persons are in partnership for 
the same length of time, their respective gain is computed 
by the following rule. 

Rule. Multiply the entire gain by each one's share, 

(30.) The Profit and Lou on an j amouxit^ divided by that amount, 
gives the Profit or Loas on one pound (or if the amonnt be ezpzessed 
in a lower denomination, of one of that denomination), and mnl- 
tiplied by 100 (or 100 expressed in that denomination) gives the 
Profit or Lobs on £100. Bi2le2. £100, and the profit on it, is the 
priee at whidi one hnndred ponnds* worth must be sold ; this 
divided by 100 gives the priee of which one poond must be sold 
(or divided by 100 expressed in any denomination, what the 
worth of one in that denomination must be sold at), therefore, 
multiplying by the priee at which they were bought, we shall get 
how much that smount should be sold at. 
(31.) The entire gain on any smount, divided by that amount, 
gives the gain on £1, and this multiplied by any number of 
pounds gives the gain on that number. 

Compound Partnership is explained in Art 76. 



32 DISCOUNT. 

and diviide by the sum of all the shares : this vrill give 
each partner's gain. 

This is called Simple Partnership, 

When the time is different. 

EuLE. Reduce the time to the same denomination ; 
multiply the sum each one has in the firm by the time 
he had it employed ; add all these products together ; 
multiply the entire gain by each of the products^ and 
divide by the sum of them to find the respective shares. 

This is called Compound Partnership, 

In eases of Bankruptcy 
Add all the debts together; divide the assets by them; 
this mm give the rate per £, and, multiplied by each man's 
debt« will give what must be paid to him. 



DISCOUNT. 

' 32. Discount is the abatement made for money paid 
before it is really due, and is such that the sum paid 
would amount at interest, in that time, to the sum due. 

BuLE. Multiply the principal by the interest for 
^100 for the time given, and divide by 100 with that 
interest ; this will be the Discount ; — subtract it from 
the sum ; this will give the present worth. 

Discount is generally calculated as interest, and not by 
the above rule. 

(32.) The interest of £100 for the time given is the Discount on 
£100 with that interest; therefore^ dividing by 100 with its 
interest, we get the Discount of £1 for the same time, and multi- 
plying this by any number, we get the Discount on that number 
of pounds. 



(33) 

COMPOUND INTEREST. 

33. When the interest at the end of each year is 
added to the amount, and the whole hears interest, it is 
called Compound Interest. 

Rule. 1. Find the interest for the first year, and add 
it to the principal. Find the interest of this sum for the 
second year, add it to the sum, and so continue for the 
whole numher of years ; this will give the entire 
amount. Suhtract the principal ; this will give the 
Compound Interest. 

Rule 2. When the time is not an exact numher of 
years, find what theprincipal and accumulated interest will 
amount to for the numher of complete years, then find 
the amount of this sum, at Simple Interest, for the part 
remaining. 

Ex. What are the Coxnpoimd Interest and amount of £300 in 
3 years, at 6 per cent. 1 



£ 

300 

5 

1,00) 16,00 

£ 15 Interest for the Ist year. 
300 

£315 ... Amount at the end of the Ist year. 
5 


1.00) 16,75 

£15 15«. Interest for the 2nd year. 
316 


£380 16«. Amonnt at the end of the 2nd year. 


1,00) 16,63 16 

16 10 9 Interest for the 3rd year. 
330 15 

347 6 9 Amount at the end of the 3rd year. 
300 
£47 6 9 Entire Interest 


c2 



34 EQUATION OF FAYMfiNTS. 

When the interest is payable at shorter interrals we must cal- 
culate the interest for the first interval, add it to the principal, 
calculate for the second interral, add again, and so on for the 
entire number of intervals. 



EQUATION OF PAYMENTS. 

3A, This is wlien a sum has to be paid at different 
times, and it is required to find a time wlien the whole 
may be paid. 

Rule 1 . Multiply each sum by the time between its 
payment and that of the last payment (reducing the time 
to the same denomination). Add all these products 
together^ divide by the sum to be paid : this will give 
the interval between the equated time and the last pay- 
ment. 

Equation of Payments for Compound Interest is 
difficult to calculate^ but the result would be given 
correctly by finding the present value. 

Rule. Find the present value of each of the sums, 
and calculate the time when the sum of the present 
values, at interest, would amount to the entire sum to be 
paid. 

This rule appHes equally to Simple Interest. 



35. It will be well to observe that almost all the rules 
which have preceded are mere modifications of the 
rule for Simple Proportion, and may be worked in the 
same manner. 

In Barter, the number of articles, though of a com- 
pletely different nature, must be stated as things of the 
same kind, each being reduced to one name. 



EQUATION OF PAYMENTS. 35 

In Simple Interest, Commission, and IMsconnt, the 
interest or rate given, and tliat required, must be con- 
sidered as things of the same kind. The interest, or the 
amount of one year, most first be found, and next that 
for the required period. 

In Stocks, the two amounts of stock will be things of 
the same kind. 

In Profit and Loss, the profit on the price, and that 
on ^100. 

In Partnership, the gain of each partner, and the 
entire gain. 

When the three given quantities are different sums of 
money, it is generally better to place the second term third, 
if it be of higher denomination than the first and third, 
or to reduce the first and third terms only to the lowest 
denomination, the quotient will be in the higher denomi- 
nation. 

Ex. 1. The interestfor 1 year being £15 12«., find that for 9 weeks. 

wks. wks. £ 8. 
52 : 9 :: 15 12 
20 



312 
18 : 9 : : 78 Diyiding let and 8id by 4. 

9 

18 )To2 ( 54*. 
65 



— £2 14*. 
52 
52 



(36) 

QUESTIONS. 

A 1 . What is Simple Interest ? 2. What is the prin- 
cipal? 3. What the amount. 4. What is the rule for 
finding the entire interest and amount. 5. When there 
is a part of a year over, what is the rule ? 6. How must 
the rate per cent, he found ? 7. How must the number 
of years he found? 

B 1. What is Discount? 2. How is it generally 
found? 

Cl. What is Compound Interest? 2. How must 
the amount and interest be found? 3. When the 
time is not an exact number of years, how must the 
interest and amount be found ? 4. How may the rule of 
Simple Proportion be applied to Simple Interest and Dis- 
count ? 5. When may the third term be placed second ? 

A 1. What is Barter 1 2. Give the Rule. B 1. What is Com- 
mission? 2. What Insurance] 3. How must we calculate 
either 1 C. 1. What are Stocks ? 2. How must the price of a 
given amount of Stock be calculated ? 3. How must we find how 
much we can buy for a given sumi 4. How must the rate per 
cent, to be obtained by buying stocks, at a given price, be found ? 
D 1. What is meant by Profit and Loss 1 2. How must the Profit 
or Loss per cent, be calculated 1 3. How must the price at which 
goods must be sold to gain so much per cent, be found? £l. 
What is Simple Partnership? 2. How must the gain of each 
partner be found? 3. What is Compound Partnership? 4. How 
must the time be expressed? 5. How must the gain of each 
partner be found ? 6. How must the rate per £ in bankruptcy 
be calculated ? 7. How what each creditor must receive 1 F. 1. 
What is Equation of Payments? 2. Give the role for finding the 
Equated time. 



CHAPTER IV. 



GREATEST COMMON MEASURE. 

36. A factor, or a measure of a number, is any number 
which will exactly divide it, or is contained in it a certain 
number of times. 

A common measure of two or more numbers, is a num- 
ber which will exactly divide each of them. 

The greatest common measure of two or more num- 
bers, is the greatest number which will divide both or 
all of them without remainder. 



(36.) The ""reaaon of this operation is as follows : — The greatest 
common measore cannot be greater than the smaller of the tvo 
numbers, as it must divide both. We divide the greater by the 
less to see if it will exactly divide it, for then the less will mani- 
festly be the greatest common measure. 

* It may make the proof given here clearer if the following pro- 
positions be read : — 

1. A nnmber which divides another will divide it when it is 
mnltiplied by any other. For the increased number is only the 
original number added to itself a certain number of times (1 1), but 
the original number itself is the common measure added to itself 
(12); hence the increased number must be also the measure added 
to itself, or the measure must divide it. 

2. A common measure of two numbers will measure their sum 
or difference; each number is the common measure repeated, 
therefore, adding the nnmbers is adding the common measure; 
hence the sum will be the common measure added to itself, and 
therefore be measured by it. Likewise subtracting one from the 
other is subtracting the common measure a certain number of 
times, but not as often as we can, since we could subtract it till 
there was no remainder : therefore, the remainder, that is their 
difference, must always be such that we can subtract the common 
measure till we destroy it, therefore it is divisible by it. 

Hence we may multiply two numbers by any others, then add or 
take their difference : their measure will divide all l&e numbers 
thus fonned. 
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EuLE 1. Divide the greater of tlie two numbers by 
the less ; bring down the less and place it id the same line 
with the remainder (if any), divide it by that remainder, 
if there be a second remainder, bring down the first 
for a dividend, and use the second as a divisor, and 
continue till there is no remainder, the last divisor will be 
the greatest common measure. 

Ex. 888)948(2 

776 888-rby4ifl97 

— 948-7-by4i8 237 

172 ) 888 ( 2 97 and 287 have no 

844 common measnre. 

"44)172(8 
132 

"40^)44(1 
40 

Therefore 4 is the greatest 4 ) 40 ( 10 
common measore. 40 

BuLE 2. When there are more than two numbers, 
find the greatest common measure of the first two, then 
the greatest common measure of this and the third, and 

There being a remainder shews the less camiot be the greatest 
common measure, but the number must be smaller still. Now (I.) 
eveiy common measure of the two first number, is a measure of 
this remainder. For, as division is merely subtraction repeated 
in any common measure of the divisor and dividend, the divisor 
(which is the common measure added sufficiently to itself) sub- 
tracted any number of times, is the same as this common mea- 
sure subtracted a number of times greater in proportion; but 
since the common measure divides exactly the dividend, the 
remainder will be such that the common measure subtracted from 
it a proper additional number of times will destroy it — hence it 
must divide it; therefore, eveiy common measure of the two 
orglnal numbers will be a common measure of the first remainder. 
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proceed in like manner. The last greatest common mea- 
sure will be that of all the numbers. 

Rule 3. Sometimes a shorter method may be used. 
Divide the numbers by 2 as many times as possible 
(which will be till one ends in an odd number), next 
try if we can divide by 3, next by 5, and by 7, &c. ; 
multiply all the divisors together^ they will give the 
greatest common measure. 

We mnst be careful to obBerve that the last quotients have 
no coxmnon fiictoni. Bule 1. must be applied to them when there 
is any doubt. 

II. Also every common measure of this remainder and the less 
number, will be a commun measure of the greater : for the remain* 
der and the less number added to itself a certain number of times, 
equal the greater (as multiplication is merely addition, see 11), 
and both these being only any one of their common measures 
added together, it follows that any of their common measures 
added to itself often enough will give the greater, or be a measure 
of the greater. Therefore from (I. and II.) their common mea- 
sures must be identical, and the greatest of any two of them will 
evidently be the greatest common measure of the three. 

So we have now to find merely the greatest common measure of 
two numbers, the greater of which is the less in the first case, or the 
process is equivalent to reducing the numbers to the lowest form 
possible ; so dividing the smaller number by the first remainder, 
we can shew, in the same manner, that the greatest common mea- 
sure of the next remainder and the first remainder, is the G. C. M. 
of the first divisor and the fiist remainder, and, therefore, by 
(I. and II.) of the two original numbers; proceeding in the same 
way, we arrive at the same conclusions, that the greatest common 
measure of two consecutive remainders is the greatest conmion 
measure sought, and of course can never exceed the latter re- 
mainder ; but at last we arrive at a remainder which exactly divides 
the former, and it must therefore be the greatest common measure. 
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LEAST COMMON MULTIPLE. 

37. A multiple of a number is one which contains it 
any number of times. 

The least common multiple of two or more number 
is the least number which is a multiple of them 

To illustrate this from the example, any common measure of 388 
and 948 will be a common measure of 948, and 2 x 888, or 776, and 
therefore of their difference, 172 (since we can subtract the com- 
mon measure from 984 till there is no remainder ; but 776 being 
the common measure added to itself (12), subtracting it from 948 
is the sam< as subtracting a greater number of times the common 
measure) — and, therefore, of 388, and 2 x 172, or 344, and therefore 
of their difference, 44 ; and similarly of the difference of 172 and 
3 X 44, which is 4. That is, any common measure of 888 and 948 
is a conmion measure of any of the remainders in the operation, 
and cannot, therefore, be greater than the last 4. But 4 is a com- 
mon measure, for it divides 40 and itself, or 44, and therefore 
3 X 44 and 40, or 172, and therefore 2 x 172 and 44, or 388, 
and therefore 2 x 888>and 172, or 948. For all these numbers are 
made up by adding four. 

Hence it is a measure of both 948 and 388 ; and as no measure 
is greater than it, it must be the greatest. 

3. This will evidently give the Gt. C. M., for we divide the num- 
bers by all of the divisors, that is, by a number equal to their 
product; and, as we can divide by no other, the quotients have 
no common factor, or we have divided by the greatest common 
measure. 

(37.) The reason of the rules is the following :— The two numbers 
multiplied together will give a common multiple, but not generally 
the least. The greatest common measure is all that is common to 
both, and this product is the Actors, which have no common mea- 
sure, multiplied together x greatest common x greatest common 
measure, since the greatest common measure is contained in both 
numbers. Dividing, as in the rule, we shall have factors having 
no common measure multiplied together x the greatest common 
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respectivelj ; or the least number which can be divided 
exactly by all of them separately. 

BvLE 1. When there are two numberi^ find their 
greatest common measure ; divide one of the numbers 
by it, and multiply the quotient by the other ; this will 
give the least common multiple. 

Rule 2. When there are more than two numbers, 
find the least common multiple of the two first ; then of 
this multiple and the third, and so on till we have found 
it for the last. This will be the least common mvdtiple 
of all. 

EuLE 3. There is another method sometimes shorter 
than this when there are many numbers. Place all the 
numbers in a line, strike out any which are exactly con- 
tained in another not struck out ; divide those not struck 
out by any number common to two or more ; place the 
quotient and the numbers remaining in a line below; 
strike out and proceed as before ; multiply the numbers 

measure of the two original numbers. This product will produce 
each number multiplied by the part in the other, having no com- 
mon SEtctor^ and be a common multiple, and also the least, as we 
can exclude nothing more. 

3. This product will be the least common multiple, because in 
striking out we always keep in a number which contains or is a 
multiple of that struck out, .'.the numbers multiplied together 
in any line, contains also the numbers struck out in that line. So 
the striking out the numbers leaves the L. 0. M. the same : but 
all that it is common besides are the divisors, and as the h, C. M. 
need only contain once the number which divides several, we have 
; merely to multiply the product of the quotients by the common 
divisors to find a number which is a multiple, and is the least, 
because there is nothing more which can be excluded. 
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in the final line and all the divison together. This will 
give the least common multiple. 

Ex. Find the L. C. M. of Find the L. 0. M. of 

166 and 208 i, 20, 16, 5, 9, d, 8, 12 

156 ) 208 ( 1 4 ) (4) 20 16 (6) 9 (8) (8) 12 15 

166 



52)156(3 



8 ) (6) 4 9 (3) 15 



156 4 8 5 

156 -^ by 52 is 3, and 3 X 208 Least common multiple is 

giyes the L. C. Multiple. 5 x 8 X 4 x 3 x 4, or 720. 



QUESTIONS. 

A 1 . What is a Factor or measure of a numher ? 

2. What is a Common Measure of two or more numhers ? 

3. What is the Greatest Common Measure ? 4. How 
must it be found for two numbers ? 5. How must it be 
found for more than two numbers ? 6. What other rule 
is sometimes best to he applied ? 

B 1. What is a Multiple of a number? 2. What is 
the Least Common Multiple of two or more numbers ? 
3. How must it be found from the G. C. M. of two 
numbers? 4. How for more than two numbers? 6. 
What other rule may be used when there are many 
numbers ? 



CHAPTER V. 



FRACTIONS. 

38. A fractum is a quantity representing a part or 
parts of a unit or whole. 

The word Fraction itself denotes something broken off, not a 
whole ; so that in numbers it means a part or parts of one or a 
whole. 

It consists of two numbers, with a line (representing 
division) between them. The upper one is called the 
numerator, and the lower the denominator, as f , where 
the 2 is the numerator, 3 the denominator. 

A fraction may also be thus defined. A fraction is a 
quantity whose denominator represents into how many 
parts the unit or whole is divided, and the numerator how 
many of those parts are taken or added together. 

(38.) It is evident, from this second definition, that when the de- 
nominators are the same, the value of the fraction is shewn by the 
nmnerator, and their comparative value depends entirely upon it. 

Thus, in f , f , f . Here the whole is divided into 7 parts, f denotes 
one seventh piurt, f denotes 8 of them, and is as 3 times as great 
as^, orisl+f+l; f denotes 6 of them, and is therefore 6 times 
as great as f, twice at great as f , or is f + f« 

Observe, f is also the same as Mf 3 ^ f as f of 3, or ^ of 6. 

And, as the numerators represent the number of parts added 
together, it follows that to add fractions of the same unit, having 
a common denominator, we hnve merely to add the numerators, or 
subtract the nxmierators in subtracting the fractions, placing, in 
each case« the common denominator below the result. And, there- 
fore, when the denominators are different, if we reduce the fractions 
to equivalent fractions, with the same denominator, we may then 
apply to the numerators the same rules as in addition or subtrac- 
tion of whole numbers. 
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Thus, in | the unit is divided into three parts, and two of them 
are taken ; taking three parts, the fraction would become |, and, 
as we see, we have taken as manj parts as make the whole. 

It follows that the unit and a fraction with a numerator and 
denominator the same, are identical. 

Similarly | of 4 denotes that 4 is to be divided into three parts, 
and two of them taken ; } of 4 would mean that 8 are to be taken, 
or a whole, that is the entire number — i, 

K proper fraction is when the numerator is less than 
the denominator. 

An improper fraction is when the numerator is greater 
than the denominator, or when we take more parts than 
make up a whole. 

Mixed numbers consist of a whole numher and a frac- 
tion, andean always he represented hy improper fractions. 

Thus I is a proper fraction; fan improper fraction; 1| a 
mixed number. 

A simple fraction is a fraction standing alone and re- 
presenting a part or parts of a whole, as f . 

A compound fraction is a fraction of a fraction, or parts, 
not of a whole hut of a fraction, as ^ of |^ ; ^ of f of |. 

A complex fraction is one whose numerator and deno- 

3— 3 S4- 
minator are not hoth whole numbers, as — ^ — -I. 

4 4i 4i. 



REDUCTION OF FRACTIONS. 

39. Rule 1. To reduce fractions to their lowest terms. 
Find the greatest common measure of the numerator and 
denominator, and divide them hy it. 

(89.) In Ex. 1 the whole number was divided into 27 parts ; 
our new denominator is 9, that is, the whole number is now divi- 
ded into 9 parts onl j, or the parts are three times as large. We 
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Ex. Bednce }| to its lowest tenns. 
27) 39 (1 3d ^ by 3 is 18 

27 27 -^ by 8 is 9 V is the fraction. 

"l2) 27 (2 
24 

~) 12 (4 
12 

Rule ft. To express whole numbers by firactions with 
any required denominator. Multiply the whole number 
by the required denominator, the product will be the nume- 
rator. 

Ex. Express 7 as a fraction with denominator 6. 
7 X 6 is 42, therefore the firaction is V- 

Hence^ if the numerator of a fraction be divisible by 
the denominator, the quotient will be a whole number 
equal to the firaction, and a whole number may be written 
as a fraction, with 1 for its denominator. 

xnnst therefoie ta^e a third of the number we took in the former 
case, to get the same value ; or, we must divide the old numerator 
bj 3, the number by which we divided the denominator. 

In Ex. 2 the unit is to be divided into 6 parts ; 6 of these will 
make one unit ; 42 will manifestly make 7 units. 

In Ex. 3, since a fourth part is three times as large as a 
twelfth part, we must take three times as many of the latter, as 
of the former, to get the same value, or multiply the numerator by 
the same number as we have multiplied the denominator. 

To see the correctness of the rules, we must remember that the 
denominator represents into how many parts the whole number is 
divided; therefore, if we divide or multiply the denominator by 
any number, the reduced or increased denominator shews that now 
the whole number is divided into fewer or more parts, and as, 
therefore, the parts are larger or smaller, we must take fewer or 
more of them, that is, diminish or increase the numerator in pro- 
portion. 
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Rule S. To express a fraction by another fraction 
with a required denominator. Divide the required deno- 
minator by the first, and multiply the numerator by the 
quotient. 

Ex. Express } as a fraction whose denominator is 12. 

Here 12 divided by 4 gives 3 ; and 3 x 3 is 9, therefore the 
fraction is ^^. This is the same as multiplying the numerator and 
denominator by the same number. 

These three rules shew that the numerator and deno- 
minator may be multiplied or divided by the same num- 
ber without altering the value of the fraction. 

40. To reduce fractions to others having a common 
denominator. 

Rule. Find the L. G. M. of all the denominators, 
this will be the common denominator. Divide this by 
the first denominator, multiply the first numerator by 
the quotient : the product will be the new numerator ; 
proceed in the same way with all the fractions, and write 
the common denominator under the new numerators. 

Ex. Reduce f + i + | + | + ^ + |. 

Here the L. C. M. (found by 37, Rule 8) is 84, and 84 -5- by 7 is 
12, and 5 X 12 IB 60, '.' ^ = |$; 84 -r by 2 is 42, and 1 x by 42 
is 42, •/ 4 is li. Similarly J = f |, § = |i, ^^ = if, i = «, 
therefore |£, ||, ||, f i, ^i, H, will be the fractions reduced to a 
common denominator. 

(40.) To reduce fractions to the same denominator, the least 
possible number should be found, but it must include all the deno- 
minators, and therefore cannot be less than the L. C. M. of them. 
Now the first denominator multiplied by the number we have 
multiplied the numerator (that is the L. G. M. divided by the first 
denominator), will manifestly give the L. C. M. 

Similarly all the other fractions will have this number for the 
denominator, and (by 39) their value will not be altered. Hence the 
correctness of the rule. 
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41. BuLE 1. To reduce improper fractions to whole 
or mixed numbers. Divide the numerator by the deno- 
minator, the quotient will be the whole number, the re- 
mainder the numerator of the fractional part. 

Ex. Bedace y to a mixed number. 

4) 23 (6, and •/ V = 6f 

20 

3 
Rule 2. To reduce mixed numbers to improper frac- 
tions. Multiply the whole number by the denominator, 
add the product to the numerator, the result will be the 

new numerator. 

Ex. Bedace 5f to an improper fractioxL 

, 5 X 4 is 20, and 20 + 3 is 28 
therefore 5} «> V< 

Rule 5. To reduce complex fractions to simple ones. 
Reduce the numerator and denominator to simple frac- 
tions if necessary. Multiply each fraction by the pro- 
duct of the two denominators, and reduce to lowest terms. 

Ex. Beduce -1- — ^ to simple fractions. 

8 8J 3i 

2^_|_ |x8 _7 2_2_ 2x3 _6_8 

83 3x8 9 8JV Vx3 10 5 

7x4x3 

?i = J. rr 8 ^ 7x4 ^ 28 

3i V 13 X 4 x 8 13 X 3 "" 39 

4 

In practice, after reducing to simple fractions, multiply 
the extremes for numerator, and the means for the de- 
nominator. 

(41.) y represents 23 foartli»-~but 4 fourths make a whole ; 
therefore 23 fourths equal 20 fourths and 8 fourths, or 5 and 8 
fourths— 5f . The conyerse exactly applies in the next case. 

The general reasoning will be, an improper fraction results 
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ADDITION OF FRACTIONS. 
42. Rule 1. Reduce all the fractions to simple ones 
if necessary ; multiply all the denominators for a new de- 
nominator, and each of the numerators by all the deno- 
minators except its own ; add them together, place the 
common denominator under the sum, and reduce to the 
lowest terms. 

Ex. Add I + I + I + J. 

4x3x6x2= 144 the new denominator. 
3x3x6x2 = 108 the first num. Fraction is |f| = V = 2f 
2x4x6x2= 96 the second num. 144) 396 (2 
6x4x8x2 = 120 the third num. 288 

1x4x3x6= 72 the fourth num. 

108) 144 (1 



396 108 



36) 108 (3 
108 
This rule is only of use when the denominator has no 

common factors. 

from taking more parts than make up a whole number ; if the 
nnmber of parts taken make several whole numbers from (39, 2) 
the numerator divided by the denominator will give the number, 
and the remainder, when this is not the case, shews there are 
besides some parts less than a whole number. 

In Bule 3 the first step is taken by Bule 2 ; the second, becanse 
we can multiply the numerator and denominator of a fraction by 
the same number. 

(42.) It has already been shewn (39) that we can multiply or 
divide the numerator and denominator by the same number, 
without altering the value of the firactiou. And from what has 
been said before (38) it is evident^ when fractions have the same 
denominator, their numerators may all be added together or sub- 
tracted, as they represent numbers of the same.parts. 

Thus, in Ex., Bule 2, we have 9 twelfths, 8 twelfths, 10 tweUUiB, 
and 6 twelfths ; and adding together would be merely adding 
the nnmber of twelfths, that is, the numerators. 
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KtTLE 2. Keduce to simple fractions if necessary. 
Find the least common multiple of the denominators, 
and write it as the new common denominator. Reduce 
all the fractions so as to have this denominator (40), add 
the numerators, and reduce the final fraction to its lowest 

terms. 

Ex. Add } X } X f X f 

Here 12 is the L. C. K. of the denominatoTB, 

AndJ.=i 1- 1.= i- i.=3— JL= -L 
4 "^ 12, 3 12, 6 "^ 12, 2 12 

adding, we obtain r^ "" Ti — 2" ~ **• 



SUBTRACTION OF FRACTIONS. 

43. Rule. Reduce the fractions to others haying a 
common denominator, take the difference of the numera* 
tors as in simple subtraction, and reduce the resulting 
fraction to its lowest terms. 

Ex. Find the value of J - i + * - J. 

Reducing toaconunon denomina-? Q~8H-1Q — 6 ^ 5 
tor, we obtain i 12 12 



MULTIPLICATION OF FRACTIONS. 

44. Rule 1. First by a whole number. Multiply the 
numerator by the whole number. 

(44.) Multiplying a fraction by a fraction must mean that we 
must not multiply by the numerator^ but must multiply by the 
quantity which is the result of the division of the numerator by 
the denominator. Therefore, if we multiply by the numerator 
alone, we shall have multiplied by too much by that number of 
times represented by the denominator, that is, we ought now to 
djLvide by the denominator to get tiie proper value. Bat in 
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For "multiply" means "add to itself," and to add a 
fraction to itself (by 42), we must add the numerator to 

itself, 

Ex. Find the value of i x 4. 

Here, 3 X 4 = 12 '.• | x 4 is y or 21. 
Rule 2. By a fraction or fractions. Multiply the nu- 
merators together for a new numerator, and the denomi- 
nators for a new denominator. 

^' ^x-i. 2 X Sis 6 .. .?, or-i "*^® 

3 4 3 X 4iBl2 ' 12 2 answer. 

When any of the numerators have common factors 
with the denominators, we may strike them out before 
we multiply. 

Under this rule come all such exptessions as | of f 
pf f ,• or compound fractions. 

Ex. Find the value of } of | + t*b of | x J. 

J.ofJ.= Lor-l 
4 3 12 2 

5 «r 3 ^ 4 . 5 X 3 X 4 60 ^^ 1 
— of — ^ — IB . =. or — 

12 4 5 12 X 4 X 6 240 4 
and i + 4 is f + J or f . It is better at once to strike out 

(8) A— ^—-Li^ J- W__3^_JL. 
4 ^ (3) "" 4' -" 2 ' 12 ^ (4) ^ (6) ~" 12 ~" 4 

multiplying a fraction by a number, we multiply the numerator; in 
dividing' a fraction by a number (by 45, Kule 1)^ we multiply the 
denominator. Hence the rule, and, if the multiplying fraction be 
a proper one, the multiplier will then be less than the divisor ; 
thexefore, we shall get a smaller fraction than the first 

A fraction of a whole number denotes l^at we must take that 
number of parts of it the fraction is of unity— this is shewn by 
multiplying the numerator. 

A fraction of a fraction, as | of J, expressed in words, will mean 
5':divide i into three parts, and take two of them," but a foorth, 
divided into l^ree parts, will give twelfUift, and two twelfOu is 
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DIVISION OF FRACTIONS. 

45. BiULE 1. By a whole number. Multiply the de- 
nominator by it, 

Ex. Divide f by 6. 8 x 5 = 16, and answer is t\. 

BuLE 2. By a fraction. Multiply the numerator of 
tbe fraction to be divided by the denominator of the 

written t\' Again, ; of f is, divide f into 3 parts, and take two of 
them ; as before, a fourth into three parts gives twelfths. Bnt we 
were given | to divide, or a part three times as great, so the sub- 
divided parts will be three times as great, or will be each 3 
twelfths, but we are required to take 2 of three twelfths, or ^, 
that is ^. So in every case the denominators multiplied together 
will denote the number of subdivisions ,* and the numerators^ 
multiplied, will give the number of subdivisions to be taken. 

(45.) Division bj a whole number is equivalent to subdividing 
the parts; hence we multiply the denominator. Division by a 
fraction means, that if we divided by the numerator only, we shall 
have divided by too much, but must only divide by that part 
resulting from its division by its own denominator ; therefore, if we 
divide by the whole numerator, we must multiply by the deno- 
minator, as we have divided that number of times too much. This 
gives the rule, and we shall always get a greater fraction wheiji 
the dividing fraction is a proper one. 

It thus appears that multiplying by a proper fraction diminishes, 
dividing by a proper fraction increases the number. This may 
be made clearer by considering that a proper fraction is less than 
one; and that, as the multiplier diminishes, so must the product. 
Kow, multiplying by more than unity increases the number ; by 
unity, leaves it just the same, and it seems natural to expect that 
multiplying by less than one should diminish, or should be really 
division. Similarly diminishing the divisor increases the quo- 
tient, and when the divisor is one, the quotient is the dividend : 
90 it appears that dividing by less than one is really multiplying. 
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divisor, and its denominator by the numerator; that is, 
invert the divisor, and proceed as in multiplication. 
Ex. Divide I by |. « 

When the divisor or dividend is composed of several 
fractions, each must be expressed as one fraction. 

Ex. Divide (3 J + I of i) by (I + i X |). 

Here 34 +_of--.-+- ^ 

and ^+i-xA=J.+J.=iL±J = ?£ 
8 4 2 8 8 24 24 

4 24 4 25 26 25 " 



REDUCTION OF FRACTIONS OP CONCRETE 

QUANTITIES. 

46. Rule I. To find the value of any fraction, a given 
quantity of one, or mixed denominations. Multiply the 
quantity by the numerator of the fraction, and divide the 
product by the denominator ; reduce the remainder, if 

(46.) Fractions of concrete quantities will be in the same 
denomination as the unit (or of the whole expressed in any denomi- 
nation when we have multiplied the numerator), and must be 
multiplied by the number of the next lower denomination in the 
higher, to be expressed in that denomination. But to multiply 
fractions we must multiply the numerators (44). 

Now it is clear that a fraction of a higher denomination may 
contain several units of a lower, so dividing by the denominator, 
the result will be in the denomination to which we have reduced the 
numerator: thus £| will be ^f ° shillings, and | £3 lOa. must be 
i of 70*., or *i^ shillings. 

2. To reduce one quantity to the fraction of another: it i» 
evident that the fraction which the first quantity is of the second. 
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required, to lower denominations, and divide again by the 
denominator. 

Ex. Find the Talue of | (^ £1 ; also } of £4 10«. 
20 £ 8. 

5 4 10 

3 £ a. cL 

6) 100 *. d, Answer 8 7 6 

16-4 Answer 16 8. 4) 13 10 

12 



— £3 7 6 
6) 48 



8 
Bulb 2« To express any quantity as the fraction of 
another. Reduce to a common denomination; write 
the quantity to be expressed as a fraction for numerator, 
and the other as denominator. 
Sz. Beduce U, Sd, to the fraction of a pound. 

Here la. Sd, ~ 20 pence. > '/the fraction is M == I'k 
and £1 » 240 pence. > or Is, Bd, is the '^ofsk£. 

BuLE 3. To reduce a fraction of one quantity to a 
fraction of another. Express the firat quantity as a frac- 
tion of the latter, and multiply the two fractions together. 

Ex. Seduce f of £1 to the fraction of a guinea. 

Here one pound contains 208., and a guinea 2l8, ; '.' a pound 
is If of a guinea, aud } of a pound is } of |f or f $ of a guinea. 

will be the same when we have reduced to the same denomination, 
as reducing does not alter the Talue of any quantity. But as the 
numbers now mean the same thing, the first will be the same 
fraction as the second, as the first number is of the second ; and if 
we divide unity into the latter number of parte, and take the firat 
number of them, it is eyident this will express the fraction one is 
of the other ; thus in the Ex. la, Sd, s 20 pence, £1 = 240 pence. 
Hence Id. is the g^^jth of a pound, '.*20 pennies are ^ or i^ of £1. 
3. This rule comes under multiplication of fractions. Instead 
of a fraction of one quantity we must take a fraction of that 
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ADDITION OF FRACTIONS OF CONCRETE 

QUANTITIES. 

47. Rule 1. To express several fractions as one frac-» 
tion^ in any required denomination. Reduce ^ the 
fractions to other fractibns of the required denomina- 
tion : reduce to a common denominator^ and add the 
numerators. 

Ex. Reduce | of a Bhilling f of a penny to the fraction of a 
ponnd. 

I o » shilUng =^ = ^of a pound ) and ^ + J^ = 



of a pound 



iSO ■ 30 
of a £. 
son 



5x12x20 300 " i 300 

Rule 2. When it is required to express the fractions 
in the denominations themselves. Find the value of 
^adh frfidtion (by 46), and add the separate values as 
required. 

Ex. Add f of a pound, % of five shillings, and f of a shilling. 
&\ ^ 159., f of five shillings == 4«. 2d., | of a shilling ^ 8d 

8. d. 
16 
4 2 
8 



198. \0d. 



quantity expressed in another denomination, that is, generally, a 
fraction of a fraction. Thus, in the Ex. we have f of a pound to 
teduce to a fraction of a guinea. Now one pound is |f of a 
guinea; | of one pound is, therefore, | of |f of a guinea. Or the 

rule may he explained thus : — f of a pound is } of twenty shil- 

2 X 20 
lings, or, — « — shillings. Now, as there are twenty-one 

shillings in a guinea, to express this that it may mean parts of a 

guinea, we must evidently divide by 21, as now the unit is 21 

2 X 20 40 
times as large; we thus get s'tr^ or ^ 
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48. In Subtraction we proceed in the same manner, 
except that we mast take the difference at last. 

49. Multiplication of concrete quantities, or fractions 
of them, by fractional multipliers. 

Rule. Reduce the quantity to the lowest denomina- 
tion, express it as a fraction of the higjiest ; reduce the 
multiplier to a fraction (if necessary), multiply the two 
fractions together, and express the result in the proper 
clenominations. 

Ex. Multiply 2 months, 3 weeks, and 6 days, by 8 J. 

Here 2 mo., 3 w., and 6 d., = 60 + 21 + 6 = 87 days = 8 ,■ of 
a month, and |^ x V = V o^ ft month ^ 9 months and 20 
days. 

This rule is similar to 46, Bale 1. 

50. Division of concrete quantities, or fractions of 
them, by fractional divisors. 

Rule. Proceed as before, but invert the divisor, 

Ex. Divide £1 5s. 6d. by IJ. 

Here £1 5«. 6df. = 51 sixpences ; and there are 40 sixpences ia 
a pound, *.* the fraction is |i ; and 1 j =: |. 

51. Simple Proportion in Fractions. 

Here we rnuat state, as in the ordinary rule. Invert the first 
term, and multiply all the terms together, taking care to strike 
out £Eu:tors. 

This is because we have to divide in the ordinary rule by the 
first term ; but to divide by a fraction we must invert it, and pro- 
ceed as in multiplication. 

Ex. If 2 yard cost { of a shilling, what will J yard eoatl 
Yard. Yard. ShilUng. t. d. 

I : * : : 2 = I x i x | == | = 1 4H. 

(49 — 52.) There is nothing new in principle in these rules. 
Multiplication and division may sometimes be more easily 
performed by Practice. 
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QUESTIONS. 
A 1. What is a Fraction? 2. Give the meaning af 
the word. 3. How is it written? 4. What is the 
Numerator? 5. What the Denominator? 6. Is there 
any other definition of a fraction ? 7. What does f 
mean? 8. What | of 4? 9. What is | of 4? 10. Explain 
Proper Fraction. 11. Improper Fraction. 12. Mixed 
Numhers ; giving examples. 13. What is a Simple Frac- 
tion? 14. A Compound Fraction? 15. A Complex 
Fraction ? Give instances. 

B I. How must fractions be reduced to their- lowest 
terms ? 2. How may whole numbers be expressed as 
as fractions? 3. How must a fraction be reduced to 
another having a given denominator? 4. How must 
fractions be reduced to others having a common deno- 
minator? 

C 1 . Shew how to reduce improper fractions to mixed 
numbers. 2. Mixed numbers to improper fractions. 
3. Complex to simple fractions* 

D 1. How must fractions be added together ? 2. How 
must fractions be subtracted from firaetions? 3. To 
multiply a fraction by a whole number, must we mul- 
tiply the numerator, or denominator? 4. How must we 
divide by a whole number? 5. How must fractions 
be multiplied by fractions ? 6. How must fractions of 
fractions be found ? 7. How must fractions be divided 
by fractions ? 

E. 1 . Shew how to find the value of a fraction of a 
^ven quantity. 2. Shew how to express a quantity as 
a fraction of another. 3. Shew how to reduce a fraction 
of one quantity to a fraction of another. 
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Fl. How must fractions of concrete quantities be 
added together, and be expressed as one fraction ? 2. 
How in proper denominations ? 3. How must concrete 
quantities, or fractions of them, be multiplied by frac- 
tional multiplier ? 4. How be divided ? 



DECIMAL FRACTIONS. 

52. By a decimal we mean a quantity always less than 
1, but which may consist of several figures, as 75 ; and 
to shew that we do not mean the number 75, but a quan- 
tity less than one, we place a point before it, and write it 
'75. 

A decimal is said to have as many decimal places as it 
has figures after the decimal point. 

KuLE AND Definition. Every decimal may be re- 
presented as a proper faction, having for its numerator 
the figures of the decimal without the point, and a denomi- 
nator 1, followed by as many ciphers as there are decimal 

(52.) A decimal is only another way of writing a fraction, having 
the figares of the decimal as its numerator and denominator, fol- 
lowed by as many ciphers as there are decimal places; thus, '2 and 
y%, '25 and VW, or -^ and t*t> that is, ^ and t^^; similarly 
•263 and ^^jj, or t^ + y^tr + r^v, &c., are respectively identical. 
Hence it appears that the fignres decrease in a tenfold proportion 
as we go further from the decimal point, and that the figure 
standing next to it is -^q of the same before it ; and that standing 
in any place, is equal to a fraction whose numerator is the number, 
and the denominator ten multiplied together as many times as 
there are decimal places (counting the figure itself) between it and 
the decimal point. So that we may write a decimal and a whole 
number together, as 527*268, and every figure increases in value 
tenfold over the same figure one place nearer the right hand. 

D 2 
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places, land must fdwajs, when so required to be repre- 
sented, be reduced to its lowest terms. 

Thus, •? is the same as ^ ; 75 as -^f or J. 

If there are ciphers just after the decimal point, they 
must be counted^ thus, '075 is not ^^, but ^Jo%y that is, 

When a whole number is written before a decimal, it 
means that the decimal is to be added to the whole num- 
ber, and together, they are equivalent to an improper 
fraction, or mixed number; thus, 5*376 means '376 
added lo 5, and is equal to 5^^, or 5^^. 

Ciphers added to the end of a decimal make no differ-^ 
ence, 75, 750, 75000, or -^^ -J^, -^^^^ are all the 
same. 

53. To express a fraction as a decimal. 

Rule. Add as many zeros as are necessary to the 
numerator ; divide by the denominator, and mark off as 
many figures from the end of the quotient as we have 
added ciphers to the numerator. 

Ex. Express f as a decimal. Expre'^s V ^^ & decimal. 

8)7-000 4)3300 

'875 is the decimal, as there 8*25 is the answer, as 
— - are 8 ciphers added. — - we have added 

2 ciphers. 

' - - - -' ' - - 

7x1000 1_ 7000 _1_ ^ 

(63.) J- 8x1000 ~ 1000 ^ "y^"= 1000 ^ ^^^ " '^^^ 

The reason of this rule is, that in affixing these ciphers to the 

numerator, we really multiply it by 10 or 109, &c., as the case 

may be, so the quotient will be 10 or 100 &c times too latge; but 

if we mark off just as many figures as there are decimal places, we, 

in reality, divide the quotient by 10 or 100, &c., and thus get the 

true quotient. 
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ADDITION OF DECIMALS. 

54. Rule. Place so that the decimal points may be 
in the same line ; add as in whole uumbers, and put the 
decimal point in the same line. 

Ex. Add 7-68, '864, 2*0547 together. 

7-86 
•364 
2-0647 



10-2687 



N.B. Instead of writing " 1 followed by a certain number of 
ciphers/' we sometimes say^ " 10 raised to that power/' i.e., 10 mul- 
tiplied by itself that number of times. 

Thus, 100, 10 X 10, 2nd power of 10 squared ; 1.000, 10 x 10 
X 10, 3rd power of 10 cubed ; 10000, 10 x 10 x 10 x 10, 4th 
power of 10, &c., all respectively denote the same numbers. 
Again, as each time we multiply by 10, another cipher is added to 
the number, and if by ten twice, thrice, &c., two, three, &c, ciphers 
are added. Hence it follows in multiplying two numbers, each 
being 1 multiplied by a different number of ciphers, ih^ product 
will be 1, followed by as many ciphers as there are in both together, 
».«., 10 raised to one power multiplied, 10 raised to another power 
is equal to 10 raised to sum of the powers : similarly, dividing by 
10, 100, &c., is the same as striking off one, two, ka,, ciphers. 

(54.) Since 7-86= 1 + ^n + t^tt 

•364 = T^r + T«Ty+ Tu^JU 

2-0647 = *2 + T^TT + TU^TJ + TTT^TTTr 

10 + A + Tftu + Ttftru + Tvitrn, or 10-2687. 
*rhe reason of this rule is easily seen : converting the decimal into 
fractions, each figure divided by the proper power of ten, it is 
evident that we can only add or subtract from each other those 
numerators which have the same power of ten as denominatom, 
thatiSy are at the same distance from the decimal point. 
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SUBTRACTION OF DECIMALS. 

55. Rt7i.e. Flaeeas in Addition; snbtract asinwbole 

Dumbera, andpnt the decimal point under the others. 

Ex. Sabtiact '37 from 4*16.- 
4-16 4-16 ig 4 + tV + T*i» 

•37 -87 is tV + T^ir 

3*79 Snbtncted 9 + /« + tI v> or 3*79. 



MULTIPLICATION OF DECIMALS. 

56. Rule. Multiply as in wbole nmnbers^ and mark 
off as many decimal places in the prodnct as there are in 

the mnltiplier and multiplicand together. 

Ex. MtUtiply 3-57 l»y -421. 
3-57 
-421 



357 Mukiiig off 6 deeunal places, as there 

714 are 3 in the multiplier and 2 in the 

1428 multiplicand. 



1-60297 
To multiply a dedmal by a fraction^ we must dther 
reduce the latter to a decimal, and multiply as in this 
rule ; or, multiply by the numerator, and diyide the pro- 
duct by the denominator, by the rule given in Art. 57. 

_ B _ l_ ~ 

357 421 867x421 160297 
(66.) 3-67X -421= jo5Xi355=Y5^-f5^=Y00555 or 1-60297. 

Expressing the multiplier as a fraction, and the multiplicand as 
another, and multiplying, as in fractions, the numeratois together, 
also the denominators, the new denominator will manifestly con- 
tain as many fiurtors of ten as there are in the multiplier and 
multiplicand together. — (See remarks end of 53.) 

That is, the prodnct wiU have as many decimal places as there 
are in them together, since each fiictor, ten, is eqoiyalent to one 
decimal place. 
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DIVISION OF DECIMALS. 

57* Rule. Divide as in whole numbers; if the decimal 
places be equal there will be none in the quotient ; if 
unequal, mark off in the quotient the number of decimal 
places the dividend has more than the divisor ; or add as 
many ciphers at the right hand as it has less. 

If ciphers be added to the dividend, these must be 
counted in the number of decimal places. 

In practice, the decimal point should be put, or at 
least fixed in the mind, before dividing. 

Ex. 1. Divide 45*75 by 25 Ex. 2. 'SS by -25 Ex. 8. 457*5 by 025 
•26 ) 46*76 (188 '26) '8600 ( 1*44 025 ) 457*5 ( 18800' 

25 25 25 



207 110 207 

200 100 200 



75 100 75 

75 100 75 

As the decimal places As there are 2 more As there are 2 more 
are equaL in the dividend. in the diyisor. 

(57.) Ex.1. 45*76-T--25=fM-rT^ = VyVx W = *iJ*xi«« 

= 183. 

Ex. 2. -36 -^ •25 = -3600 ^ •26 = TVW\r-^iVTj = 'Sr XTi8«Ty = 

144 X T*TT = 1'44. 

Ex.8. 457•5-^•025=457^^-^TMTy = *il* X >M° = 183xlOO« 
18300. 

Expressing as fractions, inverting the divisor (44), and then 
multiplying, we shall have the numerator of the dividend mul- 
tiplied by as many factors of ten as there are decimal places in the 
divisor (or denominator) ; the divisor multiplied by as many factors 
often as there are decimal places in the dividend. 

We may therefore strike from the numerator and denominator 
the same number of factors, and the result will be, we shall have to 
multiply the result of the division of the whole numbers by the 
excess of &ctorB often in Uie divisor over those in the dividend ; that 
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CIRCULATING DECIMALS. 

58. Sometimes we find decimals whose figures go on 
perpetually recurring, as -56846846846846... These are 
called Circulating Decimals. The part recurring is called 
the period, and is generally written only once, with a 

is, affix as man j ciphers to it as the number of that excess, write the 
quotient as a whole number, if they be equal, or divide by the 
excess of those in the dividend over the divisor, and therefore strike 
off as many decimal places. 

(58.) If we have a fraction reduced to its lowest terms to express 
as a decimal (the whole number being first excluded, if the fraction 
be improper), we must add ciphers before we divide, and place them 
at the end of each remainder ; therefore these will all terminate in 
one of the numbers, 10, 20, 30 ... . 90. Now, if the last figure of 
the denominator be 1, 3, 7, or 9, this can never be multiplied by a 
number less than 10, so as to give a product ending in 0. Hence 
there will always be a remainder, and it is clear that as we have to 
divide continually, when we arrive at a remainder the same as one 
before, we shall get the same quotient, and therefore the same second 
remainder, or all, will recur ; that is, we shall have a circulating 
decimal 

Again; If the denominator should not end in 1, 3, 7, or 9, but 
we can multiply the numerator and denominator by ten any num- 
ber of times, and (not considering the tens in the denominator) can 
strike out factors in the first denominator, and the tens of the 
numerator, so as to make the former end in 1, 3, 7, or 9, and 
then have no common factor with what is left in the numerator, 
we shall also, in this case, have a circulating decimal, because 
the tens in the denominator, which we must divide by afterwards, 
will only affect the situation of the decimal point. But, as we 
observe that any number ending in 1, 3, 7, or 9 is not divisible by 
2 or 5, and these (2 and 5) are the only numbers which will divide 
10, or can be excluded by this operation, we conclude that if the 
denominator of a firaction reduced to its lowest terms, contain other 
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tlot over the first figure, as in the Example^ 846 is the 
period^ and the decimal is written '66846. 

To express circulating decimals as fractions. 

Rule 1. Where all the figures circulate. Write as 
numerator the circulating period, and denominator as 
many 9's as there are figures that circulate. 

Ex. Beduce *36d 6 . . . to a fraction. 

Here the figures in the period are 36, and two in number; 
therefore the fraction is || or H* 

Rule 2. When all do not circulate. Write as nume- 
rator the figures hetween the decimal point and the end 
of the first period, subtracting the figures which do not 
circulate ; and as denominator as many 9*s as there are 

factors than 2 or 5, that is, after excluding these (if necessary), it 
be greater than 1, and ending in 1, 3, 7, or 9, it will always produce 
a circulating decimal. 

The number of figures in the period, at most, will be always 
one less than the denominator ; for, writing down aU the difierent 
numbers between zero and the denominator, we obserre they are in 
number one less ; hence, as every remainder is always less than the 
divisor (or denominator), if we consider <u many remainders as there 
are units in the denominator, the last must necessarily be the same 
18 one before; it will therefore give the same quotient and re- 
mainder as the other, or the figures will recur and may have 
recurred from the first. 
To prove the examples, 100 x 3636...= 86*3636... = 36 + *8686... 
Now the decimal part on the right-hand is the same as before, as 
the figures 36 are repeated for ever, therefore subtracting *d€86... 
from each side we get 99*3636... = 36 ; therefore '3636... = {|. 

Agam: lOO'OOO x '56846... - 56846-846... =^ 56846 + '846... 

And 100 X '56846... = •56'846... = 66 + '846... 

Now the decimal part 846... obtained in the first operation is 
the same as that in the second, since 846 is repeated for ever ; but 
if equals be taken from equals the remainders are equal, therefore 



64 CIRCULATING DBCIMALS. 

figures in tbe period, followed by as many zeros as there 

are figures which do not circulate. 

Ex. Beduce '56846 to a fracdon. 

Here 846 is the period, and three in nnmber; 56 the figures 
which do not drcolate ; therefore the fiiMtion will be 

• p.poo 9t»9Vb — TTTV 

Circulating decimals should be expressed as fractions 
before any operation is performed upon them, or the 
circulating part extended as far as required, and the rest 
neglected. 

subtracting the right-hand side of the latter iix>m that of the former, 

and the left-hand side from the left, we obtain 

99,900 X '56846 = 56846 - 86 

'56846 = 56846-56 



99,900 

To prore the second Bule (of which the first is a particular case) 
we observe that if we subtract one from unity followed hj any 
number of ciphers, the result would be as many nines as there are 
ciphers. 

Hence, multiplying by any nnmber of tens, or adding the same 
number of ciphers to each, we observe the result would then have 
as many nines as there are ciphers in the larger number, followed by 
as many ciphers as there are in the less, and, therefore, if each had 
been multiplied by any other number, their difference would be the 
number multiplied by the figures so determii^ed. Now, multiplying a 
circulating decimal by 1, followed by as many ciphers as there are 
figures to the end of the first period, the result would be a whole 
number to the end of the first period, followed by the drcnlating 
part as decimal Similarly, multiplying by 1, followed by as many 
ciphers as there are figures which do not circulate, we should obtain 
a whole number to the commencement of the first period, followed 
by the circulating part as decimal 

Hence, subtracting equals from equals, or the decimal we have 
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REDUCTION OF DECIMALS. 

59. Rule 1. To express a decimal of one denominar 
tion by means of lower denominations. Multiply the deci- 
mal by the number in the next lower denomination ; mark 
off the whole number^ if any. Multiply the decimal 
part left by the number in the next lower denomination, 
and continue to the lowest denomination required. The 
numbers marked off will be in the successive lower 
denominations. 

Ex. Find the Take of '347 of a £. 
•347 
20 



6*940 shillings... 6 is not multiplied because it is a whole 
12 number of shillings. 

11*280 pence. 6tf. Hid, *120 Akswib. 
4 



1*120 &rthing8. 
Rule 2. To reduce any quantity to the decimal of any 
other. Reduce to a common denomination^ and divide 

multiplied last from the other, with each multiplier preserved, and 
the last result from the first, we find that the decimal multiplied by 
as many nines as there are figures which circulate, with as many 
ciphers attached as there are figures which do not, is equal to the 
difference of the whole numbers thus formed, since the decimal 
parts being equal will destroy each other ; hence, dividing both 
sides by the multiplier, we obtain the same result as by the rule. 

(59.) A decimal representing tenths of any whole; the 1st 
Rule is deriyed because to reduce any quantity to a lower denomi- 
nation we multiply by the number of that lower denomination in 
the first. (Vide 46th Rule.) We mark off by 4lie rules proved in 
multiplication. 

The next rule is 46, 2 carried out a step further, namely, to 
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the number in the ^ven quantity by that in the denomi^ 

nation demanded. 

Ex. 1. Bedace is, to the decimal of a pound ; also Is, 3d. 

£:x. 1. 20)4-0 Ex. 2. 240)1500O(-625 
1440 



•2 
£x. 1. Since there are 2O0. in £1. 


60O 
480 


Ex. 2. Since U, 3d. = 15d., and 
£1 = 240(2. 


1200 
1200 



It is more convenient when there are several denomina- 
tions, to reduce the lowest to the decimal of the next 
higher, add to it the part in that denomination, and 
reduce again. 

Ex. Beduce 17 s. Z^d, to the decimal of £1 ; also of £5. 
Qr. 
4)3-00 

12)3-7500 Because 3]d. is 3.75 pence. 

20)17*3125 Because 17«. 3}d. is 17.3125 shillings. 

5)*865625 of £1 As decimal of £1 must be i of the 

•173125 of £5 decimal of £5. 



Rule 3. To express a decimal of one quantity as a 
decimal of another. Express the first quantity as a 
fraction of the second ; multiply the given decimal by 
the numerator, and divide by the denominator ; or reduce 
the fraction to a decimal before multiplying. 

Ex. Beduce ;78 of a penny to the decimal of a shilling. 

Here one pephy is -x^ of a shilling. 

12)-78 



065 of a shilling. 



actual division : thus 4«. expressed as the fraction of £1 is ^, 
or *2. So also Bule 3 is (46, 3) similarly extended. 
The first rule is the most important, the others are rarely of use. 
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Si. Express *45 of 28. Id. as the decimal of ■>s. M. 
66)ll-25(-l7045 '45 

66 25 



465 225 

462 90 



300 11-25 

264 



Since 28. Id. is 25c2., 
360 68. ed. is 66(2. 

330 



30 •.••45of2*.ldis-17045...of6«.6(i. 

60. To add or subtract decimals of different denomini^ 
tions (but of the same kind) we may first express all as 
decimals of some one denomination ; or find the value 
of each in units of lower denominations. 

Simple Proportion of Decimals merely consists in 
reducing, if necessary, the quantities to decimals before 
multiplying and dividing. 

61. Sometimes in Multiplication or Division of Decimals, itis only 
required to get the result true to a certain number of decimal 
places ; and it is therefore not necessary to multiply all the figures 
in the multiplicand by every one in the multiplier, or to divide by 
every one in the divisor. 



CONTRACTED MULTIPLICATION. 

BuLE. Place the units figure (or if there be more, add ciphers, and 
place the cipher in the units place in the multiplier) under the last 
decimal place required to be kept in the product; reverse the multi- 
plier (that is, place the lowest decimal place highest), keeping the 

(61.) The figure in the units place would cause no change in 
the situation of the decimal point in the product. 

Hence, to get the result true to any required number of places, 
we need only multiply the figure next lower than the required 
decimal place by it, and, even of that sum, only write down the 
part which would affect the next figure. 
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units place as before; mnltiply by the figure which stands nearest 
the right hand, first the figure in the multiplicand next lower ; 
carry to add up with the next product the number of tens (or that 
next greater, if the last figure of the product exceed four), and neg- 
lect the last figure ; then multiply all the figures which stand 
higher, as in common multiplication : and so proceed, always mul- 
tiplying first the figure next lower, neglecting the units, carrying 
the tens as before, and placing the first figures beneath each other ; 
add up all the rows, and mark off the decimal places required. 

The figures which haye none standing above them may be 
omitted after the first. 

Ex. Multiply 5*624732 by 24*16375 and get the result true to S 

decimal places. 

5-624732 

5-624732 2416376 

57361-42 



112496 •.•2 X 3 is 6, we add 1. 3 

22499 4 X 7 is 28, we add 8. 16 

• 562 1 X 4 is 4, we hare 837 

837 nothing to add. 562 

17 22498 

4 112494 



135-914 136-914 



28123660 Multiplying 

9373124 as in the 

874196 common 

48392 rule. 

4732 

928 

64 



61786600 



When perfect accuracy is of importance, it is often necessary to 
calculate for one place more than required. 



CONTRACTED DIVISION. 
62. When only a certain number of decimal places are wanted in 
the quotient, we must use the following rule : — 

Now, multiplying by a decimal makes every place lower, there- 
fore, in multiplying by the first decimal digit, we need not con- 
sider so many, but one fewer : similarly for each successive decimal 
place, standing further from the decimal point, we need consider 
one fewer. 

(62.) The explanation of this is exactly thesame as the preceding; 
as the figures of the quotient are more to the right hand they 
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Make the dividend (if necessary) not less than the divisor; 
divide as usual, but consider the remainder only, and cut off in 
the divisor the right hand figure, or more, so as to make it less 
than the remainder; divide again (adding the tens, or the next 
number when the figure cut off would have given a number 
whose last figure is greater than 4), and so continue, always mftlciT^g 
the divisor less than the remainder. 

Bx. Divide 5-7368 by -346 to three places. 

3-46527 ) 573670 ( 1 -6554 3'46527 ) 573680 ( 1*6554 
346527 346527 



227143 

207916 

It isbetter to put ■ 

a mark under 19227 

eachfigureinthe 17326 

divisor when it 

is struck out. 1901 

1782 

169 
138 

31 



227143 
207916 



19226 
17326 

1900 
1732 

167 
138 




2 



29 



80 
35 

450 
635 

8150 
6108 



Dividing 
as in the 
common 



2042 



It is generally better to find the result true to one place more 
than required. 



QUESTIONS. 

A 1. What is a Decimal ? 2. How is it written, and 
why ? 3. How many decimal places is a decimal said to 
have ? 4. How may a decimal he represented as a frac" 
tion? 5. What fraction is •/ equal to? What 75 ? 
6. Do ciphers make any difference just after the decimal 
point ? 7. Do they make any difference at the end of the 

become of less value, and one multiplied into the same figure as 
that next before the product, would be in the decimal place next 
lower than the former product. 
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decimal ? 8. What does a whole numher written before 
a decimal denote ? *9. What are they together equal to ? 
B 1 . How must a fraction be expressed as a decimal ? 
2. How must decimals be added together? 3. Where 
must the decimal point be placed after adding to-' 
gether? 4. How must decimals be subtracted i^om 
decimals ? 5. How must decimals be multiplied by deci- 
mals ? How many decimal places will there be in the 
product ? 7. How must decimals be divided by decimals ? 

8. Must the ciphers added to the dividend be counted ? 

9. When the dividend has as many decimal places as the 
divisor, how many will there be in the quotient ? 10. How 
many when the divisor has less ? 11. How many when the 
divisor has more ? 

C 1. What are circulating decimals ? 2. What is the 
period ? 3. How are circulating decimals generally writ- 
ten ? 4. How must they be expressed as fractions when 
all the figures recur? 5. How when only a part? 

D 1 . How must a decimal be expressed in lower denomi^ 
nations? 2. How mustuny quantity be expressed as 
the decimal of any other ? 3. How when there are 
several denominations ? 4. How must a decimal of any 
quantity be expressed as the decimal of any other ? 
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PRACTICE. 

Practice contains rules for finding the price of any 
number of things at a certain price each. 

The number is written down at the rate of one in a 
proper denomination, and such multipliers and parts are 
taken of this denomination that, added together, they will 
be equal io the given rate ; the same parts, &c., of the 
number written down will give the required price. 

Case 1 . To take parts of a penny. Write the num- 
ber to be bought as pence, take a part of this not greater 
than the part required the price is of a penny ; the re- 
mainder will be in pence, and must be reduced to farthings ; 
take next a part of this part, and continue till we have 
taken as many parts as will make up the given price. 
Add all the quotients and remainders together ; the sum 
of the former will be in pence, and must be brought to 
shillings and pounds. 

Bx. Find the price of 347 yards at id, per yard. 
d, 

i =^ i \ 847 Since the price at apenny is 6 times 

too much, we therefore take a 

12) 67f sixth, that is divide it by 6. 

We take the farthing next less 

4«. 9}cf. than |. 



The number to be bought is kept the same to keep the attention 
fixed on the difference caused by the changes in the price. In the 
2nd example, Case 1, there is half of a farthing in the second part, 
which is omitted ; finactions of IJEtrthings are left out in all the ex- 
amples. 
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Ex. Find the price of 847 at fd 
847 



i = i 
i = i 



68^ 



43} omitting the half 

£Burthing. 

12) 130 

10«. I0d» 



8 2 + 1 2 
Here 8~ 8 "8 

8 4 8 

The price at \d. 
is the quarter of 
that of a Id,, and | 
the half of that at 
id. 



Case 2. When the price is less than a shilling. 



Ex. Find the price of 847 at 2id, 
d. 

847 
2 



i = i 
— 12) 997i 



Here j « l + J + j. 



694 
1734 
86f 
43} 



2,0) 8,3 1 



The price a.t 2(2. is twice that 
of a Id., at Id. half that 
at Skld.,«tid. half that 
at a id., and at ^d, half 
that at id. 



£4 8 1^ 



Case 3. To take parts of shillings. The same as in 
Case 1, except that now the number written is shillings, 
therefore the remainder and the quotient are shillings. 

Ex. Find the price of 347 at 5ld. 
d. 



Because the price at 4(2. is 
one third that of a shilling ; 
at 1(2. one quarter that of 
4(2., &c. 



4 = 4 


847 


- 2,o; 


116 8 
28 11 
8 7i 

) 14,8 2i 




£7 8 2i 



When the price is an exact part of l^., as Id,, lid., &c.> we must 
take that part of the upper line* 
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Case 4. When the price is more than a shilling. 



Ex. 347 at Za. 4|(2. 
a, d. 

347 
3 



8 



4 = i 
4= i 



1041 

115 

14 

7 

3 



8 

H 



Because the price at 3 shil- 
lings is 3 times the price 
at one shilling, or 3 times 
347 shillings : at id. is i 
that at one shilling, &c. 



3 4J 2,0) 118,1 llj 
£59 1 Hi 

Case 5. To take parts of a pound. The same as in 
Case I, except that the number written is pounds^ and 
remainder must be brought to shillings and pence. 

Ex. 347 at 168, S^d. 
8, d. 



10 
5 
1 



4 
1 



i 



i 
i 
i 



16 5J 



347 






173 10 




86 15 




17 


7 




5 


15 


8 


1 


8 11 




3 


H 



Because the price at 10«. 
is i that at one pound, 
or of 347 pounds; at 58. 
4 that at lu«., &c. 



£285 2i 



If the price he an exact part, as 8«. id. = £i, or 6«. ^d. = £}, 
we most take } or J off at once. 

Case 6. When the price is more than a pound. 



£ 
8 



Ex. 347 at £8 6^. iid. 



8. d. 



5 
1 



= i 
4 = 4 



£3 6 4 



347 
3 

1041 
86 15 
17 7 
5 15 8 



Because the price at £3 • is 3 
times that of £1, or 3 x £347; at 
58., one quarter that at a pound, 
so we take a quarter of 347, &c» 



£1150 17 8 



e 
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These six cases come imder the following general redes. 
Cases 1, 3, 5. Rule I. Write the price down at the 
rate of a nnit of the next higher denomination, and place 
a line helow it. Find a part of this denomination, not 
greater than the given price, take the same part of the 
upper line and place it below, the remainder will be in 
the denomination of the top line, and mnst be reduced 
lower and divided again. This will be the price at that 
rate. Next find a part of this rate, take the same part 
of the last quotient, and continue till we have taken as 
many parts as make np the required rate. Add all the 
rows together, bringing the sum to higher denominations 
if possible. 

Cases 2, 4, 6, Rule 2. Multiply the number of 
things by the number in the highest denomination ; take 
parts of a unit of the highest denomination, the same part 
of the top line, place it below the quantity just found ; 
take parts again till we have taken as many parts as make 
up, with the multiplier, the given price. 

N.B. — ^The figures standing opposite each part will be 
the price at that rate. 

Case ?• Sometimes the price is such that we cannot 
take the successive parts of parts of each rate which will 
make up the given price. It is then better to reduce the 
two first denominations to that of the lower denomination, 
or continue taking parts of the upper line, or of any line 
which may be convenient ; take parts not exact shillings, 
&c. 

The methods which have preceded should, however, 
always be adopted when practicable, as they are the most 
direct and involve the least risk of error. 
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Xx. S47 at £8 17<. 11^ 



£ s. d. 

3 17 



847 

77 



2429 
2429 



6 
4 
1 



i 



i = 



26719 
174 6 
115 8 
28 11 
7 2f 



£3 17 Hi 2,0) 2704,4 8j 



£1352 4 8} 



£ «. d. 
8 



10 
4 
2 
1 



847 
8 



6 
4 
1 



i= 



£8 17 Hi 



1041 






178 10 




69 


8 




84 


14 




17 


7 




8 18 


6 


5 15 


8 


1 


8 11 




7 


2f 



£1852 4 8} 



Ex. 847 at £8 IBs. 4dL 

£ «. d 
8 



347 
8 



10 

6 8 

1 8 

£8 17 4 






1041 
173 10 
115 13 
28 18 


4 
4 


£1859 1 


8 



Cask 8. Sometimes the sum is such, that by finding 
for one higher and subtracting the part too much, the 
process is shorter. 



Ex. 847 at £3 is, lid. 
847 
8 



5.. = i 



347d. or 



1041 
86 15 



£1127 15 
1 8 11 



But tiiis is Id, each too much, tjiere- 
fore we Bublroct 847 pennies. 



£1126 6 1 

Case 9 . When the price is an eren number of shilliiigs, 
multiply by half the number of shillings^ mark off all but 



76 



PRACTICE. 



the last figare in the quotient as pounds, and cb)uble the 
last for shillings. 
Ex. 347 at 8«. 

347 The reason of this role is, we get only half 

4 the shillings in the troe price, or a nnni- 

£ «. ber of two shillings, which should be 

138,8 =' 16, or 138 16 doubled to get shillings. Hence there 

are only ten in the pound ; marking off 

the last figure is dividing by ton, and doubling it is making the 
remainder shillings. 

When the price is an odd number of shillings, we 
might take the next number below, which will be even, 
and add once the top Une after striking off. 

Ex. 347 at 17«. per yard. 

£ 8, 

347 277 12 Since 16 + 1 = 17, and 16 is 2 x 8.— 

8 347s. »» 17 7 The price at 16«. is too little by the price 

at !«., we therefore add £17 7«. 



277,6 = 12 £294 19 
Case 10. When the number is not exact. 



Ex. 347iV at £3 Ss. 
347 






3 




^ 


-i 


1041 




,v 


-i 


86 


15 






1 





3 

3J 




£1128 


15 





£ 
3 



9. 

5 



Since Tiv = TV + TV = i + iV 

Writing down the price of one, 

16 3 and taking as many parts of it 
4 0} as required, and adding the re- 
sult to the price of the exact 



£1 3} number. 



Ex. 347 yds. 2 ft. 3 in. at same price. 



5«. ~ 4 

2ft. 3in. « 



347 
3 

1041 
86 15 
2 8 



9 



m. 

18 =4 

9 =4 



£ 
8 



8. 

5 



12 
16 



£1130 3 9 



£2 8 



Writing the price at 

- one ^ yard, and 
6 taking parts of it 
3 till we get the 

— price of the reqnir- 
9 ed number of feet 

and inches. 



All other denominations of weights and measures most be 
tteated in exactly the aanEie W4y^ 
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Ex. 347 cwt 3 qr. 7 lb. at £3 5s. 
acwt. 

£3 fa. 



Ex. 347 bairelg 28 gall., at 
£3 5«. a barrel. 



4^. IK 




1 12 6 
16 3 

4 Of 

2 12 9} 



347 cwt. at £3 5«., 
by Case 10 = 1127 16 



gal. 


£3 5«. 




18 = 4 


1 12 

16 

1 


6 
8 


28 


2 10 


6J 


347at£3 5c» 


1127 15 





£1130 7 9} 



Ex. Therentof 4acres2^roo<ls, 
at £5 10«. an acre. 



£1180 5 6} 

The interest for 57. 3m. 2w., at 
£17 10«. a year. 



a. r. 

4 


£5 10«. 

4 


2 =i 


22 
2 15 
13 9 


4 24 


£25 8 9 



y. m. w. 
5 



8 = 
2 

5 3 2 



=1 



£17 10«. 
5 



87 10 




4 7 


6 


2 3 


9 



£94 1 3 



There are many artifices which may be used in particular in- 
stances, but those given are the best general rules, and are suffi- 
cient to train to the acuteness necessary for particular cases. 

One artifice, howerer, may be mentioned as sometimes of use 
for the price, or that paH of it which is in pence and farthings. 
Consider the next lower number of dozens in the required number 
to be bought, make the pence shillings, and multiply the farthings 
by 12, then calculate the price for the number of dozens at this 
ratd, and add to it the price of the part oyer, if any, taking care 
to remember the rate is now the original price. 

When greater exactness is required, it is better to write down 
the number of farthings nearest to the true price, or to express 
the remainder after pence as fractions of a penny, and add all up 
at last. 
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TAKE AND TRET. 

By tbe preceding roles we can calculate deductions to 
be made from the gross weight of goods, on account of 
the cases being weighed with them, on things liable to 
waste, or for any other cause. 

Ex. 1. Deducting 2 lb. 8 oz. aToiidnp^na per esse, what will be 

the deduction on 255 caaea. 
lb. 255 

2 2 

OS. 510 The difference from the cases in Practice is 

2=1 81 14 merely that the denomination of the upper 

1=4 15 15 line Ia now some weight and not money, 

the parts taken are of weights, and the 

2 8 ( 7)557 13 quotients will be in the denomination of 

28 < the upper line. 

( 4)79 4 ) The sum obtained must be subtracted 

> 25 from the gross weight. 

4)19 8 1 This deduction is called Tare. 

4cwt 8qr. 25 lbs. 13ojl 

Find the deduction on 4 tons 12 cwt 2 qrs. at 4 lbs. per 104 lbs. 

Ex.2. cwt. qrs. lbs. 

4 = «V I ^2 2 Since there are 41bs. in 1041be., 

— — there are 4 of any denomina- 

Cwt. 8 2 6 tion in 104 of the same deno- 
mination, or 1 in 26. 

Find the deduction on 2 tons 15 cwt. 2 qrs. 20 lbs., allowing 

12 lbs. per cwt. 

Ex.3. cwt. qrs. lbs. 

55 2 20 Since 8 in 112 is one in 14, and 

4 is the half of 8. 

8 = iV 3 3 25 This deduction is that called 

4 = ^ 1 8 26 Tret. The name is now obso- 

— lete in practice. 

12 Cwt 5 8 28 ^ 



Subtracting from the upper line, we have 49 cwt. 2 qrs. 25 lbs. 
When the deduction in example 1 has also to be made, this deduc- 
tion must be calculated afterwards. 

It is, in most cases, better to compute these deductions 
by the rule of Simple Proportion. 
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QUESTIONS. 

A I. What does Practice contain? 2. What is the 
rule wben the price is less than Id.l 3. In what deno- 
mination will the quotient he ? 4. In what the remain- 
der? 5. What are the two methods when the price is 
less than U. ? 6. What will the remainder he when the 
numher is written down as shillings ? 7. What are the 
two methods when the price is more than 1«. and less 
than £1 ? 8. When the price is more than £\, how is 
the amount found? 9. What will the remainders he 
when the numher is written down as pounds? 10. 
Giye the general rule when the first line is at the rate of 
one in the next higher denomination? 11. When it is 
written down as the price of one in the highest denomi- 
nation mentioned? 12. What denomination will the 
quotients he? 13. What the remainders? 14. What 
are the figures standing opposite each part ? 15. When 
the price is such that we cannot take successive parts of 
each rate, what are the methods? 16. How can we 
find for one rate hetter, sometimes, hj calculating for 
one higher ? 17. When the price is an even number of 
shillings, what other method is there ? 18. What must 
we do with the last figure ? 19. How can this rule be 
applied to an odd number? 20. When the number 
whose price we want is not an exact number, how must 
we work ? 

B 1. What do we find by the rule of Tare and Tret? 
2. What is the difi*erence between thismanner of work- 
ing, and that where money is concerned? 3. How is it 
generally better to calculate these deductions ? 
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RATIO AMD PROPORTION. 

64, By ratio we mean the relation between two 
quantities of the same kind with respect to magnitude ; 
and we have to consider by how much the first of the 
two is greater or less than the other, that is> what multi- 
ple part or parts one is of the other, or what fraction the 
less is of the greater. 

A ratio is written with two dots placed between the 
terms which compose it, as 3 : 4. The first term is 
called the antecedent, the second the consequent. 

65, Ratios can only enter into arithmetic as composed 
of numbers : thus, the ratio of one line to another, con- 
sidered arithmetically, is the ratio of the number of 
units of length (see Art. 16, note) in that line to the 
number in the seeond. 

66, Yet the quantities which compose the ratio must 
be of the same kind ; there can be no ratio between any 
such quantities as 3 inches and 4 shillings : we can com- 
pare 3 as an abstract number to 4, but we cannot say 3 
inches are greater or less than 4 shillings; there is 
nothing in common between 1 shilling and 1 inch, but in 
the ratio of 3 inches to 4 inches, we observe, there is 
something in common : the first contains a line of 1 inch 
3 times, the latter 4 times. Hence, comparing them 

j with respect to magnitude, we see they are as the num- 

bers 3 and 4 ; and the comparison between them would 
1 convey the same impression, if we contrasted them 
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through the conception of the size of any other unit of 
length, as their relative value would still he the same. 
67* But this unit must he the same in each term ; — 

3 inches cannot he compared to 4 feet, as to number, hut 

4 feet must he represented as 48 inches ; and then 3 
inches may be compared to 4 feet, or 48 inches, as the 
numbers 3 and 48* 

68. Hence we conclude that the ratio of any concrete 
quantity to another of precisely the same kind, is the 
same as that between the two abstract numbers which 
express the number of units in each. 

69. The ratios 3 : 4, 6 : 8, 9 : 12, 12 : 16, &c., are 
all manifestly equal, and each one is obtained from 
any other of the series^ by multiplying or dividing its 
terms by the same number. Therefore, the terms of a 
riitib follow the same laws as those of a fraction ; hence, 
we write a ratio as a fraction, with the antecedent aa 
numerator, the consequent as denominator. 

70. Two ratios are said to be equal when the fractions 
which represent them are equal ; that is, when the first 
antecedent is the same multiple part or parts of the first 
consequent, that the second antecedent is of the second 
consequent. 

The equality of ratios is called proportion : the four 
terms are called proportionals ; and when not written as 
forming two fractious, are represented by 4 dots placed 
between the two ratios, as ^5 : 4 :: 6 : 8. The first 
anJ l&st terms are called extremes, the two others, means. 

7 1 . The terms of the 2nd ratio may be altogether dif- 
ferent from the terms of the 1st ; for, as we have just 
seen, every ratio is equivalent to another whose terms are 

e2 
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abstract numbers. Thus, the ratio of 3 inches to 4 
inches being precisely the same as the ratio of 3 to 4, 
and the ratio of 6 shillings to 8 shillings as the ratio of 
6 to 8, thej are equal, since 3 : 4 :: 6 : 8. 

72. As the terms of each ratio must be of the same 
kind, we can only have two kinds of quantities in the 
same proportion ; but as there is now actual numerical 
equality, we can multiply or divide the terms as mere 
numbers, or transpose in any way we please, following the 
same laws as in fractions ; thus, we can interchange each 
antecedent or numerator with the consequent or denomi« 
nator of the other, and can multiply or divide the 1st 
and 2nd, or the 1st and 3rd (since the 2nd and 3rd are 
interchangeable) by the same number. 

73. Hence, multiplying both sides by the product of 
the two denominators (that is, the consequents), the first 
antecedent x 2nd consequent = the 2nd antecedent X 
2nd consequent, or the extremes = the means. 

Hence, to find an extreme we divide the means by the 

other extreme; to find a mean, the extremes by the 

other mean ; or, to find a 4th proportional 4th term = 
8rd term x 2nd tenn .^, ... . * ^i. xi. 

-" — igtterm ^^*** "^® expressions for the other 

terms. 

74. Similarly, if we are given 4 numbers, such that 
the product of two of them is equal to the product of 
the others, they will be 4 proportionals, and theterms of 
each product will be the antecedent of one, and conse- 
quent of the other ratio. 

Now, we observe that if one of these numbers be increased 
in any ratio, that multiplied into it must always be 
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deerensed in the same ratio, as tlieir product must always 
be the same. 

75. Hence, if we hare 4 quantities of the same kind, 
or the 1st and 2nd be of one kind, the 3rd and 4th of 
another, and an increase or decrease of the 1st or 2nd 
cause an increase or decrease of the 3rd or 4th, always in 
Uie same ratio, the 4 quantities will form a proportion, 
of which the 1st and 2nd will be 1st antecedent, and 1st 
consequent, or 1st and 2nd terms, and the 3rd and 4th 
2nd antecedent and 2nd consequent, or 3rd and 4tb terms, 
and the 4 quantities are called direct proportionals. But 
if an increase or decrease of the 1st or 2nd causes de- 
crease or increase of the 3rd or 4th always in the same 
ratio, the 1st and 2nd will be 1st antecedent and 1st con- 
sequent, or 1st and 2nd terms, but the 3rd and 4th will be 
2nd consequent and 2nd antecedent, or 4th and 3rd terms, 
and the quantities are called tnoerM proportionals, and will 
evidently be direct proportionals when written down in 
the order, let, 2nd, 4th, 3rd, or 2nd, 1st, 3rd, 4th. 

So that when we have 4 quantities so related that an 
increase or decrease in the same ratio is always observed 
between them after writing down two of the same kind 
(or if we are to find a 4th, observing that when written 
down it will be greater or less than the 3rd), so that the 
less precede the greater, or the greater the less ; the other 
two must be written down in the same order, and we 
shall then have arranged the terms of a proportion. 



QUESTIONS. 

A 1. What is ratio ? 2. How is it written ? 3. IIow 
many terms has it ? 4. What are they called? 5. How 
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do ratios enter into arithmetic ? 6. What is the ratio of 
one line to another ? 7. Mast the quantities which com- 
pose a ratio he of tha same kind ? 8. State the reason, 
and give aa instance ? 9. Is the ratio hetween 3 inches 
and 4 inches the same as that of 3 to 4 ? 10. Should 
the ratio he altered if the unit were altered ? 11. Must 
the unit be the same in both terms ? 12. Can 3 inches 
be compared to 4 feet as to number? 18. How must 4 
feet be expressed that this may be possible? 14. To 
what ratio between abstract numbers will any ratio be 
equivalent. 15. What ratios are equal to that of 3 : 4 ? 
16. Whj may a ratio be written as a fraction? 17. 
Which term will be the numerator ? 

B 1. When are two ratios said to be equal? 2. What 
is this equality called ? S, State how the ratios are then 
written. 4 . Which terms are extremes, and which means ? 
5. Must the terms of the 2nd ratio be of the same kind 
as those of the 1st.? 6. Explain this. 7* How many 
kinds of quantities may there be in the same proportion ? 
8. How can the terms be multipHed, divided, or trans- 
posed? 9. Which terms may we not divide by the 
same number? 10. How may the 2nd and Srd terms 
be arranged ? 1 1, To what is the product of the extremes 
equal? 12. How must a 4th proportional be found? 
13. When the product of two numbers is equal to the 
product of two, will they form a proportion ? 14. How 
will they be written ? 15. What change will there be in 
one when that multiplied into it is increased or decreased ? 

16. When will four quantities be directly proportional ? 

17. When inversely? 18. How must they be written 
to be directly proportional ? 
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SIMPLE PROPORTION. 

76. It remains to see bow these priDciples are applied to 
the cases occurring in arithmetic. 

The most important and general case is that in which 
we are given the price of a certain number of things, and 
are required to find the cost of any other number of the 
same things at the same rate, or to find how many 
another given price will buy. 

Now, by the nature of the case, the rate is the same, 
that is, the number of things must increase tfi the same 
ratio as the price ; if the price be doubled, trebled, or 
increased any number of times, the number of things 
will be doubled, trebled, or increased the same number 
of times. 

Hence, the 4 quantities are proportionals : the first 
number of things bought, and their price, being the 1st 
and 2nd antecedents ; the second number of things, and 
their price, the 1st and 2nd consequents ; and to find 
any one of the terms is the same as finding a 4th pro- 
portional. 

The same remarks apply to questions in Interest. 
The interest for the given sum is to be at the same rate 
as the interest for one hundred. Hence, the 4 are pro- 
portionals. Also, the interest for any time must be to 
the interest for any other time, as the times are to each 
other, or the 4 are proportionals. 

Discount, being precisely of the same nature, needs 
no explanation. 

The same considerations apply directly to Profit and Loss, the 
profit or loss on any two amounts, and the amounts themselves^ 
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mast be proportionaU^ the amount and its profit being the two 
antecedents. 

Similarly in Stocks, the amonnt which can be boaght for any 
price will increase in proportion to the price. 

In Simple Partnership each partner's gain must be to the entire 
gain as his share of the capital to the entire capitaL 

Ctomponnd Partnership may . be thas considered : the partner 
who has a sum inyested for any period of time, ought manifestly to 
receiye doable or treble the sam to be reoeiyed by another who has 
the same sum invested for only half or third the period. Similarly 
when the sum is doubled as well as the time, it will be equal to a 
sum four times as large for half the time, and so on for any increase 
of sum or increase of time ; so that if we conclude that a sum for 
any time will be equal to any sum in any proportion less, provid- 
ing the time be increased in the same proportion. 

Hence, we see if we multiply the sum of each partner by the time, 
and add all these sums together, the gain of each will be in the 
same proportion to the entire gain as the sum thus found to the 
entire sum. 

Similarly in Equation of Payments, the use obtained (or the 
interest) of the sum paid at once must be as much as the use of 
of all the sums, and since the use of any sum is double or treble 
the use of the same sum for half, third, &c., the time, it follows that 
we should estimate rightly by multiplying each sum by the time 
it was used ; and that dividing the entire sum thus obtained by the 
amount to be paid, we should obtain the time in which its use 
would be equal. 

n* The cases we have so far considered^ are those in 
which the quantities are directly proportional, that is, in 
which if the price or rate be increased, the result is in- 
creased. 

We come next to a class of questions slightly different, 
where the quantities, though proportionals, are not in this 
direct sense. Thus, if we are asked " if 5 men mow a 
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field in 6 days, how long will it take S men to mow the 
same field V^ 

Now, manifestly, the numher of men and their time of 
work vary together, bat an increase in one causes a de- 
crease in the other. But we observe, that as the work 
is equal, the labour employed must be the same however 
estimated. Hence, the product of the agents and the 
time they act (when we have expressed like things in the 
same denomination) must be the same. Therefore the 
agents and the time must be so proportionals that the 
agent must be the antecedent of one ratio, and the time 
the consequent of the other, since the extremes in a pro* 
portion equal the means. 

Exactly the same in Barter, when goods are exchanged 
at a certain price each article, for others at a different 
price, the entire value of both must be the same ; that is, 
the number to be received will be less in proportion to 
the worth, therefore the four quantities will form a pro- 
portion in which the number of things and the value of 
each will be the antecedent of one ratio, and consequent 
of the other ; since, then, the number and rate will be 
multiplied together. 

We have now considered all the different classes of 
questions, in which we are given three to find a fourth, 
and have found them in all cases proportionals. 

Qnestions like these form what is Bometimes called the Bnle of 
Three Invene. 

78. Hence, writing down the term of the same kind as 
the answer in the third place (that is antecedent of the 
second ratio), the greater or less of the other two. 2nd 
(that b consequent of the first ratio), as the answer will 
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be from the nature of the case, greater or less than the 
third, and put the other quantity first (or antecedent of 
the first ratio), multiply the second and third together 
(that is the means), and divide by the first term (one of 
the extremes) to get the answer (the other extreme). 

But before we can multiply or divide, we must reduce 
the 1st and 2nd to the same denomination {67)* 

Now, in any proportion, we may divide the 1st and 2nd 
terms, and also the 1st and drd, by the same number 
without altering the value (72). Hence, we may strike 

out factors in 1st and Srd or 1st and 2nd terms. 

In Interest, the interest of the two different sums will be 
terms of the same kind, that is, terms of the same ratio. 

In Profit and Loss, the profit on each amount stated. 

In Stocks, the amount of stock bought, and so on in all cases, 
the two other quantities forming the two other terms. 

It will be observed, however, that in Barter the terms of the 
first ratio will sometimes be of different kind, as measures may be 
bartered for weight. But we are given in each case the price of a 
unit in a certain denomination. Hence the quantities in the first 
ratio are considered as abstract numbers. 

79. The property of proportion, that we may inter- 
change the 2n 1 and drd term, is of use in cases where the 
4 terms represent things of the same kind, as money, 
when the 1st and 3rd terms are of lower denomination 
than the 2nd. 

For preserving the usual order, we shall have to reduce 
the three terms, and the quotient would be in the reduced 
denomination, but in the other case the 8rd term need 
not be reduced, and the quotient would consequently be 
in a higher denomination. 

80. There is also a class of questions in which we have 
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more quantities inyolred : as men performing a certain 
work in days of certain length ; and there are other 
quantities of the same kind referring to another work/ 
but one element is wanting. 

Now» when we made our units of time the same as 
before, the number of agents multiplied into the time 
thej act will correctly represent the labour etnployed. 
And the products thus produced must have the same 
ratio to each other as that which exists between the work 
and the result of the labour ; therefore, from this propor- 
tion we can find either the entire labour to be employed 
in the next case, which must be divided by the agents, or 
time given to obtain the quantity we want ; or, if the 
entire labour be known, its effect. Similar considera- 
tions apply when the question is not one of work 
performed. 

These qaestions fonn Compoand Proportion, or, Doable Rale of 
Three. 



QUESTIONS. 
A 1. Explain how goods at the same rate and their 
price are proportional. 2. Which will be the 1st term ? 
Which the 3rd term? 3. The 2nd and the 4th term ? 

4. Shew how principal and interest proportionals. 

5. What quantities will form each ratio in this case ? 

6. Explain how the interest for any time is found. 

7. How are questions in Profit and Loss solved by propor- 
tion? 8. Which terms will be 1st and 3rd? 9. How 
question in stocks? 10. Explain Simple Partnership. 
11. Why do we multiply the amount by the time in 
compound partnership? 12. How do we then obtain 
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the respective gain ? 13. Explnin^ in Equation of Pay* 
mentSy how the use of the same sum is proportional to 
the time. If the sum he douhled^ and the time trehled, 
how much will the use he increased 7 

B 1. How can agents and time be connected in a 
proportion? 2. If the agent be the antecedent, what 
term will its time be T 3. How are questions in Barter 
reduced to proportion 7 4. If the rate form one term, 
which term will be the number at that rate 7 

C 1* Give the general conclusion in all cases. 2. Why 
is the reduction in 1st and 2nd term necessary? 

3. Why may factors be struck out, and in what terms 7 

4. Explain when may we interchange the 2nd and 3rd 
term, and the advantage derived. 



81. Bastbb. — How many poands of cofTee, at 28. Zd. per lb., 
mnat I receive for 45 yards of cloth, at 5s. 7d. per yard. 
8. d. 8, d. yards. 

2 3 : 4 7 45 

12 12 

27 55 

45 

275 Since is. 7d. is the price of 

220 1 lb., the quotient will be 

in a number of units of 

Since 8x9- 27 we 8)2475 that denomination. 

may use Bule 4 in 

Division. 9)825 



Lbs. 91 10 10} 

Ihtbrbst. — What will be the interest on £850 for 3i years at 5 
per cent. 
£ £ £ £8. yr. yr. £ s. £ 

100 : 860 : : 5 : 17 10 ) : 3i : : 17 10 : 5ft 

5 3i 



1,00) 17,50 52 10 

I 3 10 



£17 10 



£56 
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It is Mldom of use to strike oat fteton in the first term when it 
is 100. 

CoaonssioH. — Find the oommiiaion on £240 at 1^ P®' cent 
£ £ £ £ 

100 : 240 :: U : 3 

240 

i ^ 
1,00)8,00 

£3 

DnoovirT. — Find the disoonnt on £2050, due 6 months henee, 
money being worth 5 per cent. 

£ £ £ £ Orb7Btrikingoat205 

Bj Art 79. 102i 2050 : : 2^ : 50 between let k 8rd. 

2 5 2 £ £ £ £ 

— 1 : 5 :: 10 : 5 

205 905)10250 5 5 

50 50 

Since £100 at interest would prodnce £109 10«. at 5 per cent 
in six months, therefore £2 10«. is the discount on £100. Calcu- 
lating the discount as interest, we should have obtained £51 5«. 

Stooxs. — The price of £100 Stock, 8 per cent., bring £96, what 
will be the price of £10,000 Stock, and the rate per cent, obtained. 



Stock Stock , £ 


£ Stock £ 


100 : 10,000 : : 96 


96 : 100 :: 8 


1 : 100 : : 96 


8 : 25 :: 1 


96 


1 


9,600 Dividing Ist 

Diyiding Ist and 2nd 2nd by 4, ao 

by 100. 2nd, and 8rc 


and 8)25 

A Int 


iby8. £3 2 6 


PaOFIT AHD Loss. — 




Find the profit per cent, on How must I sell goods bought 
selling goods bought at da. 6d., at 5^. %d. to realise 25 per cent. 1 
at is. 8(2. 


Zs. 6d. : £100 : : 9d. 


£100 : £125 : : 5«. Sd. 


By Art 79. 38. ed. : 9d. :: £100 
12 


4 : 5 : : 12 


42 


68 

1 : 5 :: 17 

5 


7:8:: 50 


8 


12)85 


7) 150 


78. Id. 


£21 8 61 
Dividing ist and 2nd by 8, 
and let and 8rd by 2. 


Dividing Ist and 2nd 
by 4. 
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Paetvebship;— Three partners are in business, the chief partner 

has £4000, the second £2500, the third £1000; they gain £2000 ; 

find their respectiye gains. 

£ 8. d. 

4000 f8«8 X 2000 = 1066 13 4 1st partner's gain. 

2500 UU X 2000 « 666 13 4 2nd partner's gain. 

1000 HU X 2000= 266 13 4 3rd partner's gain. 

7500 £2000 



OoMPoum) PARTNisaiHip. — Fonr partners are in business, one with 
£200 for twelve months, the second with £600 for six months, the 
third with £500 for six months^ and the fourth with a £lOO(S fcor 
three months ; they gained £300 ; find the respective shares. 

200 X 12 = 2400 iVbVV X 300 = £60 the 1st partner's gain 

600 X 6 = 3600 ^Wxs% X 300 - £90 the 2nd „ 

500 X 6 - 30 DO jSWjs X 30O « £75 the 3rd and 4th „ 

lOOO X 3 - 8O0O 



12000 



Equation or Pathbnts. — £500 is due to be paid at the following 
times: £100 in one month, £200 in six months, £150 in twelve 
months, and the remainder in eighteen months ; when may all be 
paid at the same time ? 
100 X 17 = 1700 since the Ist is paid 17 months before the last. 



200 X 12-2400 


tr 


2Dd 


ti 


12 


n 


ft 


150 X 6= 200 


if 


8rd 


»i 


6 


ft 


ft 



6000 



And[ VW "=10 months before the last payment is the equated time. 

CoMPouifD Pkoportion. — 5 men mow 4 acres in 6 days : how long 
will it take 8 men to mow 16 acres] Here 5 x 6 ^ 30 represent the 
days' work, and we must find a number of days' work that 30 may be 

to it as 4 is to 16. .*. the number equals • « 120 ; but as 

120 
there are 8 men. there —^ = 15 will give the days required. 

8 

If the days were of a diflfercnt length, the only difference would 
be, that we should have to find the number of hours* work. 
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PROPOETIONAL PARTS. 

82. To divide a given quantity into two or more parts> 
such that they may be to each other in the ratio of cer- 
tain numbers. 

Here each part will be to the given quantity as the 
number corresponding to itj to the sum of the numbers. 

^x. Biride 121 acres into two parts, in the ratio of 4 to 7. 

Here 4 -f 7 = 11 

and 11 : 4 : 121 

1:4:: n 

4 

~44 
Also 121 - 44 is the other, or 77. 



ALLIGATION. 

83. By Alhgation we find how to mix different 
articles at various prices to sell the mixture at a given 
price. 

Case 1. To land, when two or more quantities of 
different prices are mixed together, at what rate the 
whole must be sold to realise the same amount. 

Here, if we find the value of the entire composition, 
and also how much is mixed together ; and divide by this 
nuipber, we shall have the rate at which all ^ to be sold. 

83. I must apologise for the novelty, as far as I am aware, of these 
rules ; I have given them this form, because at each step of the pro- 
cess, the reason is apparent, and an eiror easDy detected. The 
answers in such cases are various, and every mode of working would 
most probably give a different result. My rules will therefore 
seldom give answers whicli are £Pl:^ld in o|her arithmetics. 
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Ex. If 48 pounds of tea, at 3«. 6d. per pound, are mixed with 

24 ponnda, at U,, what must the mixture be sold at ? 

Here the value of the 481b8. is 168«. 

241bB. is 968, 

"72 264 

Therefore, the price per pound is -=5 " — =■ " 8*. Sd, 

Cask 2. To find how to take two quantities of differ- 
ent price to fonn a mixture at any mean rate* 

Bulk. Find the difference between the price of each 
and the required price, and take of each sort a number 
equal to the difference for the other. 

The reason of the rule is, the loss on selling the higher priced 
too low, must be counterbalanced by the gain on the other ; and, 
as the first difibrence is greater or less than the second, we must 
take less or more of the first quality than the second, or the difllbr- 
ence, and the numbers will be inversely proportional. 

Ex. How much at id. and 9d must be taken to sell the mix- 
ture at 6d. per lb? 

Gain of lib. of 1st at id., sold at6d., is 2d.; of 81b.is 6<f. gain. 
Loss on 1 lb. of 2nd at 9d, sold at 6d., is Zd. ; of 21b. is M, loss. 
Therefore 8 of the first and 2 of the second give the proportion in 
which they are to be taken. 

Case 3. I. To find how to mix any number of 
articles, at different prices, to form a mixture at a given 
mean rate. Find the gain or loss on selling one of any 
kind ; and how mucli of each of the others must be 
taken to produce the same gain or loss. Multiply each 
on which there is gain bj the number on which there is 
loss, and each on which there is loss by the number on 
on which there is gain : the products will be the respec- 
tive quantities to be taken. 

I have placed the reasons immediately after the rules, as there 
can be no advantage derived unless the process be understood. 
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Case 2 is included in this role. 

II. If the mixture must also be equal to a certain num- 
ber, add all these products together, divide the number 
by it : the products multiplied by the quotient wiU give 
the required amount. 

The reason of Bule 1. is, that m make the gain or loss on each 
exactly the same, therefore the total gain so found will be to the 
total loss as the number on which there is gain to the number 
on which there is loss, or they will form a direct proportion; therefore, 
the gain multiplied by the number on which there is loss, will give 
the same result, that is, will counterbalance the loss multiplied by 
the number on which there is gain. 

The 2nd rule is deriyed, because when we haye once ascertained 
the number of each kind to be taken, we may increase or Himin^h 
all in the same proportion. 

Ex. Required a mixture at 8«. per lb. of the following. 

The 1st at Ss., the 2nd at 4«., the 8rd at 3«., the 4th at 9«., the 

5th at 10«. Ex. 2. Also to make a mixture of l281bs. 

Here the gain on lib. ofthe1«. s. Ans. «. Ans. s. 

1st sold at Sa. instead of /6 is 2 2 is 4 20 is 40 

ilb. ofthe2nd ditto 4 „ 2 1 „ 4 10 „ 40 

lib. of the 3rd ditto 3 „ 2 f ,, 4 8 „ 40 

6 gain 12 gain 120gain 

Loss on 21b. of the 4th ditto 9 is 2 6 is 6 60 is 60 
lib. of the 5th ditto 10 „ 2 3 „ 6 30 „ 60 

4 12f 121o8sl28 1201OSS 
since 128 -r 12} is 10. 

Now, we observe that we may take the first three in any propor- 
tion we please, and also the last three, providing we make the gain 
exactly equal to the loss ; and when the entire quantity to be 
taken is fixed, multiply each so as to make up the same amount, that 
is, by the quotient of the number divided by their sum. 

Since the number giving a different result to the given quantity 
is 8, and the same is 2, we multiply each of the former by 2, and 
divide by 8. 
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The 2nd rule is derived, because, when we have once 
ascertained the number of each kind to be taken, we may 
increase or cUminish all in the same proportion. 

Casb 4. When the mixture required must contain a 
certain quantity of another, at a given price. 

I. Find the gain or loss on seUing the given quantity ; 
find the portions of the others which will give an equal 
gain 'or loss in each case. Multiply each gain by the 
number on which there is loss, and each loss by the num- 
ber on which there is gain (the given qufmtity being 
included), and divide the result by the number by which 
we have multiplied the given quantity ; the quotients 
will give the required portions. 

N.B. — ^We need only multiply and divide the numbers 
giving a result different to the given quantity. 

£x. Find hov many lbs., at id. moat be mixed with others 

at lOd., IZd., and 18(2. to sell with 20 at 6d., the entire mixture to 

be worth Sd. per lb. 

lb. d, d. d, Ans. d. 

Here the gain on 20 sold at 8 instead of 6 is 40 20 40 



10 


» 


8 


M 


4„40 
80 


10 


40 
80 g 


Loss on 20 
8 
4 


ft 

99 


8 
8 
8 


ft 
it 
99 


10 „ 40 
13 „ 40 
18 „ 40 


13J 
2| 


26| 
26f 
26| 



120 52 80 loss 

We observe that we may alter the second quantity, if we alter 
the other three, so as to make the loss equal to the total gain, and 
may take any numbers of the last three, if we take care the entire 
loss remain the same. 

II. If the entire quantity be fixed, we must subtract the number 
of the given quantity, and one of the numbenrs which gives an 
opposite result, from the entire quantity. Make the total loss 



POSITION. 97 

and gain on the rest equal; divide the difference jnst found by their 
sum, and multiply each finally by the quotient. 

Thus, in the Ex., if it were required to make a mixture con- 
taining 50 lb. Subtracting the given quantity and 8 lb., we have 
left 22 lb., and the gain and loss on the numbers excluded is the 
same. 

Hence we have — Ans. d. d. 

20 at eisiOgain.) 
lb. d. lb. d, 8 at 13 „ 40 loss. S 

10 at 4 is 40 gain. 20is80gain. 10 at 4 „ 40 gain. 

20 at 10 ,, 40 loss. 20 „ 40 loss. 10 at 10 „ 20 loss. 
4 at 18 „ 40 loss. 4 „ 40 loss. 2 at 18 „ 20 loss. 

44 80 loss. 50 40 loss. 

It is evident the numbers 8, 10, 10, 2, can be varied in any pro- 
portion, subject to the two conditions that there be no final loss, 
and their sum, together with 20, be 50. 



POSITION. 

84. Case 1. To find a number whichi added to certain 
parts of it, will make up a given number. 

Here, if we take one as often as we are to take the re- 
quired number, add the same parts required of it, and 
divide the given number by the result, the quotient will 
be the required number. 

Ex. find a number which, added to its half and its third, will 
give 121. 

Here 1 + i + i * V <^<1 si^^ the required number mul- 
tiplied by this will give 121, therefore the required number is 
121 -^ V = 121 X V»r - 66. 

Case 2. When two or more are to share a certain 
sum, and their shures are not exact parts, take unity as 
the share of one of them; take parts of this, and 

F 
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write down the sum by which each of the rest exceeds 
or is less than each of these parts ; add one and all its 
parts together, and the sums by which each is different 
from the exact parts; subtract the latter from the 
quantity ; and divide by the number representing the 
parts of 1. This will give the share supposed. 

Ex. There are £260 to be divided between A., B., and C. 
B. receives as much as A., and £8 more ; and C. one quarter as 
much as both together : -what is each man's share 1 

Here if A. receives 1. 

B. receives 1 and £8. 

C. receives | (2 and £8) or i and £2. 
And 1 + 1 + i = f ; £8 + £2 = 10. 

250 - 10 =. 240. 

240 X 2 

A. receives 240 -r j = » 48 x 2 » £96. 

5 

Since j times what A. receives makes up £240. Hence, 

B. receives £104, and C. receives £50. 

The same method may be applied to other questions, but the 
working is generally more difficult. 

Ex. A. is now twice as old as B.; eight years «gohewas 
three times as old, and one year more : find the age of each. 

Here if 1 be taken for A.'s age, } will be B.*s age. 1-8 years, 
will be A.'s age ; i - 8 years, B 'a age 8 years ago. Xow, 8 times 
B.*s age + 1 year is | - 24 years + 1 year, or | - 23 years. But 
this is same as 1 — 8 years + 4 — 15 years, and is equal to A.'s 
age, or 1 — 8 years. Therefore ^ — 15 years must be equal to 0; 
or, 4 « 15 years ; hence A. is 80 years old, B. 15 years. 



Care must be taken to keep 1 and its parts separate from other 
numbers ; as in reality a number very different to unity is gene- 
rally represented by it. It will be seen that the first case is merely 
a simple form of the second, and might be entirely omitted. 
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EXCHANGE. 

85 . The coin of different kingdoms not being the same, 
though of the same material, the object of Exchange is 
to find how much ought to be received in a certain coin 
or currency, for any amount in another. 

The rate of Exchange being given, we can calculate 
that for any other sum ; for the sum to be given, and that 
to be received, must increase in the same proportion. 

Rule. Reduce the coin of the same kind to the same 
denomination, and state as in Simple Proportion. 

Ex. A franc contains 100 centimes, and £1 being wortii 25 francs 
35 centimes, how mnch mnst be received for £45 3«. 

£ £ «. /r. ct. 

I : 45 3 :: 25 35 

20 20 100 



20 903 2585 

903 



7606 
228150 

2,0)228910,5 

l,00)n44,56i 

1 1 44 55 neglecting the fraction ; 
therefore 1144 francs 55 centimes is the amount. 

To change weights and measures we must proceed ex- 
actly by the same method. 

Ex. Find how many miles there are in 828 kilometres, 4 kilo- 
metres making 24 miles. 

kil. kil. miles. 

4 : 328 :: 2^ 
Dividing 1st and 1 82 2 

2ud terms by 4. 5 — 

5 

2)410 

205 miles. 
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ARBITRATION OF EXCHANGES. 

86. Sometimes it is more advantageous to exdiange 
into another currency, through the medium of other 
countries or currencies, instead of directly. Arbitration 
of Exchanges is the mode of calculating the final result. 

We may calculate for each currency in succession by 
the rule already given, or by the following : — 

Place in the first series the amount to be given in the 
coin of the 1st country, for a given sum in the currency 
of the country next following, place the latter sum in 
the second series, and so continue, placing the second 
amount in any currency in the first series, and the first 
amount in the second series. Reduce like coins to the 
same denomination ; find the product of all the terms in 
the second series, and divide by the product of the first, 
which has one term wanting ; the quotient will be the 
answer, and must be compared with the amount which 
would have been received by direct exchange to ascertain 
the gain or loss. 

Ex. A French franc being worth 9i(2., and 3 francs being worth 

!( stiverB, find the gain or loss on remitting through France £3& ; 

a stiver being worth 1«. Bd, 

d. fr, 
9^ 1 
/r. 8t, 

Kequired stivers for £88 38 x 240d. 
But by the rule the number is S8 x 2^0 x 1 x Ij ^ ^^^ 

9f". X 3 
Now, by direct exchange, as each stiver is worth 20 pence, we 

shall have — = 456 stivers, therefore the gain through 

France would be 24 stivers, or 24 x 20 pence, that is £2. 
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It Tvill be Been that by this rule the amount in any currency is 
always divided by another amount in the same currency. Now, 
by the rule of direct exchange, the rate of exchange is always pro- 
portional to the amount exchanged ; therefore the numerator of this 
fraction is equiyalent to any amount in the same carrency mul- 
tiplied the sum which would be received for the first sum in another 
currency, divided by that for the second sum. Hence, we could 
express the first fraction by another, having the product of two or 
more amounts in different currencies, divided by the equivalent 
for each in another of the currencies forming the numerator. 
Hence the correctness of the rule. 



The same rule may be applied to ascertain the equivalent for 
any weight or measure, when not known directly, but through the 
medium of other countries. 



QUESTIONS. 

A 1, What is found by proportional parts) 2. What is the rule? 

B 1. What is Alligation % 2. How must we find the price when 
there are two or more to be mixed ) 8. How when two, but the 
price is fixed? 4. How must the rule be changed when there are 
several? 5. How when the entire quantity is fixed? 6. When 
there is a certain quantity whose price is fixed, what is the rule ? 
7. When the entire quantity is fixed? 8. Explain the variations 
we may make in each case. 

1. What is found by Position? 2. Give the rule in the 2nd 
case. 

D 1. What is Exchange? 2. What is the rule? 8. What is 
Arbitration of Exchanges? 4. Give the rule. 



CHAPTER VIII. 



SQUARE ROOT. 

87. The square of a number is the number multiplied 
by itself: thus, the square of 3 is 3 x 3, or 9. 

When we are required to find a number wliich, squared, 
will give one proposed, the process is called Extraction 
of the Square Root. 

It is found that if marks are placed to the left of every 
second figure, counting from the units place, so as to 
divide into periods of 2, and the last figure, if the 

87. To explain the rule for pointing : since the square root of 
100 is 10 ; of 10,000 is 100 ; and of 1,000,000 is 1,000 ; &c., always 
adding two figures to the square to get another figure in the square 
root, and observing that these are the smallest numbers that can be 
written with the same number of digits, we perceive that the 
square root of any number between 1 and 100 has one figure, 
between 100 and 10,000 has two figures, between 10,000 and 
1,000,000 has three figures, &c. That is, one or two figures in the 
square gives one in the root, and every two figures more give one 
in the root. Hence, if we point every second place the periods 
BO formed will shew the number of figues in the square root. 

We find any square number (as 625) can be put under a form 
(as 400 + 2 X 20 X 5 + 25) where the first term is the square of 
the highest number of tens contained in it, and the last term 
is the square of the remaining part of the root (400 is the square 
of 20, and 25 of 5, and 20 + 5 make up the entire root), and the 
second twice the product of the two parts; and we observe that we 
can arrive at the proper root by the following contrivance. If we 
take, as nearly as we can, the square root (2) of the first term (6), 
we see this will give us the number of tens we want. Kow if we 
subtract the square of these (400) we shall have a remainder 
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number of figures be odd, be counted as one period, tbej 
will give the number of figures iu tbe root. 

Rule. Find tbe number wbicb, squared, will give as 
nearly as possible tbe first period ; place it in tbe quo- 
tient, and its square beneatb tbe first period ; subtract, 
and bring down tbe next period. Use as a divisor twice 
tbe figure in tbe quotient : divide tbe first figures by it ; 
place tbe result (or if it be large, tbe number next lower) 
at tbe rigbt of tbe quotient, and also of tbe divisor. 
Multiply tbe entire divisor by tbis number, and subtract 
tbe product. Bring down anotber period, double tbe 
figures in tbe quotient, and proceed as before. 

Ex. 1. Ex. 2. 

6^26(20 + 6 7^84(28 



40 + 5)225 48)884 

225 384 



(225 or 2 X 20 X 5 + 25), and, we remark, that we can obtain the 
other part of the root (5) by dividing the first figures (22) hy 
twice the number of tens (4), and that if we use the new root 
(5) as a new figure in the quotient of an operation in division, 
and twice the root first found + the new root (2 x 20 + 5) as a 
divisor, we shall obtain a product which, subtracted firom the 
remainder (225), will destroy it. 

If there are more figures the only modification is, we must make 
the second quotient as great as possible, and continue as indicated. 

There is one caution, however : sometimes the number found 
by dividing by the first figure is too large, as we not only have to 
divide the remainder into two parts, such that twice the old root 
multiplied by the new shall equal the first, but also the other part 
must be such that the old root squared will equal, or not be greater, 
than it. Both these conditions are fulfilled in the first Ex. by 
dividing 22 by 4, but in the second we must take one less than 
we should get by dividing 88 by 4, in order to fulfil them. 
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When we have doubled the number already found for 
a new divisor, and the remainder with the next period 
be not more than ten times greater, we must bring down 
another period, and write a cipher in the quotient, as 
in Ex. 4. 

Ex. 3. Ex. 4. 



3^06^56(284 
4 


ir6076^49(3407 
9 


48)406 
384 


64) 260 
256 


564) 2256 
2256 


6807) 47649 
47649 



When the square root of a decimal, or a whole num- 
ber and a decimal, is required, we must put points 
after every second figure, counting from the decimal 
point, and add ciphers if necessary. 

Or if the square root of a whole number cannot be 
found exactly, periods of two ciphers must be added. 

Each period, in both cases, vrill give one decimal place 
in the square root. 

Find the square root of 10*57347 to 4 decimal placea. 

^10.57^3470^00^(3-2516 
9 



62)157 
124 



645) 3334 
3225 



6501)10970 J. . ., . , , , 

^ QgQ£ It 18 evident when ciphers 

have to be brought down the 

65026)446900 operation will never terminate, 

390156 ^ 1^0 number less than 10, mnl- 

— — tiplied by itself, will give a vmrn- 

56744 b«r ending in zfiXQ* 
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88. To extract tlie square root of a fraction. 

Rule 1. If both numerator and denominator are per- 
fect squares, extract the square root of each, and divide the 
square root of the former by that of the latter. 

Ex. Extract square root of |. . 

Square root of 9 - 8, and of 4 - 2 ; 
therefore, square root of f is |. 

Rule 2. When they are not both perfect squares. 
Multiply the numerator and denominator by a number 
which unll make the denominator a perfect square, and 
take the square root of the new numerator and denomi- 
nator. 

N.B. This number need not exceed the denominator, 
as that multiplied by itself will give a perfect square. 

Ex. Extract the square root of }. 

6 (2.449 
4 

Here, 2 x 8 - 16, a perfect 44) 200 

square, and 1 - J. or ^ ^^^ 

8 16 4 X 4 

and the square root of -^ is 

16 

.?il? ... or .612... 



484) 


2400 
1936 


4889) 


46400 
44001 




2399 



Bulb 3. It is sometimes better to divide the numerator by the 
denominator, and take the square root of the quotient. 

88. The reason of Bale 1 may be seen by considering that in 
multiplying fractions we multiply the numerators together, and also 
the denominators. Now, squaring the fraction we get by Rule 1, 
we should multiply the numerator by itself (that is, square it), and 
the denominator by itself. Hence the numerator must be the 
square root of the other, &c. 

Rule 2 is merely an artifice : if we had the square root of 

f2 
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CUBE ROOT. 

89. The cube of a number is its square multiplied by 
the first number. Thus, the cube of 3 is 9 x 3 or 
3x3x3. 

To extract the cube root of a number, we must find 
another which, cubed, will give the one proposed. 

RuLS. Place a point over every third figure, counting 
from the units place. Find, as nearly as possible, the 
cube root of the first period, place it in the quotient, fol- 
lowed by as many ciphers, less one, as there are periods ; 

the denominator a decimal of many places, it would be inconveni- 
ent to divide the square root of the numerator by, so we make 
the denominator a perfect square, and multiply the numerator by 
the same number, so as not to alter the value of the fraction. 

89. Rule for pointing. The cube root of 1,000 is 10, of 
1,000,000 is 100, of 1,000,000,000, is 1,000, &c. Hence every num- 
ber of not more than three figures will have a cube root of one 
figure, every number of four, five, or six figures will have a cube 
root of two figures, every number of seven, eight, or nine figures 
will have a cube root of three figures. Therefore if we mark off 
counting from the units place, and mark off the 3rd, 6th, 9th, &c., 
(considering the figures between, a period,) that is, every third 
figure, this will give the number of figures in the root. 

Pursuing the same method as in the square root, we may put 
16625 under the form 8000, which is the cube of 20, and 6000 + 
1600 + 125 or 20 x 20 x 20 + 8 X 20 X 20 x 5 -|- 3 X 20 
x5x5 + 6x6x6, and reasoning in the same way as before, 
we deduce that we must extract the cube of the first period ; this 
will give the highest power of tens ; divide the remainder by three 
times its square, place the result in the quotient, and use for a 
divisor three times the square of the root already found, -\- three 
times the product of the old root and new root, + the square of 
the new root, and for a quotient the new root. 
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subtract its cube ; bring down the remainder ; take three 
times the square of the quotient; consider how many 
times it is contained in the remainder^ supposing ciphers 
to follow the 1st period ; place the result (or a less num- 
ber> if it be large) in the quotient ; write as divisor three 
times the square of the root found before, + three times 
the product of the two parts of the root, + the square 
of the last part of the root: subtract, and proceed as before, 
if there be more than two periods. 



Ex. 1. 

3 X 20 X 20 - 1200 

8 X 20 X 5 -> 300 

5 X 5 - 25 

1525 ) 


15^625 (20 + 5, or 25 
8000 

7625 
7625 


Ex.2. 


28^)94^464 (300 + 00 + 4, 
27000000 or 804 


3 X 300 X 300 - 270000 

8 X 300 X 4 - 8600 

4 X 4 - 16 


1094464 



278616 ) 1094464 

Where there are decimals or ciphers brought down, we 
must'point every third figure from the decimal point, and 
proceed as in whole numbers. There will be as many 
decimal places in the result as there are periods below 
the decimal point, and, as in square root, there will always 
be a remainder when ciphers are brought down. 

To extract the cube root of a fraction, multiply the 
denominator (if necessary) so as to make it a perfect cube ; 
or divide the numerator by the denominator, and find the 
cube root of the quotient. 
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QUESTIONS. 

A 1. What is the square of a number? 2. What the square 
root ? 3. How do we know the number of figures in the root ? 4. 
What id the rule for its extraction ? 5. How is the first figure found ? 
6. How the divisor and dividend for the second 1 7. What is the 
complete divisor 1 8. How will the third figure be found] 9. When 
will there be a cipher in the root] 10. How are the decimal places 
pointed ] 11. Why will the operation never terminate when ciphers 
are attached] 12. How is the square root of a fraction found when 
the denominator is a perfeet square ] 13. When it is not ] 

B 1. What is the cube of a number] 2. What the cube root? 
3. How do we point ] 4. How find the first figure of the root 1 
5. How the second] 



INVOLUTION AND EVOLUTION. 

90. By Involution we find how much a number will 
amount to, multiplied by itself as often as required. The 
result is called the number raised to that power. 

Thus, 3 X 3 X 3 X 3 X 3, or 243, is calted the 5th 
power of 3. The number representing the power to 
which it is to be raised is generally placed over the other, 
to the right hand (thus, the 5th power of 3 is written 
3'), andealledanmdex. 

The process by which we arrive at the number, or as 
it is called, root, from the power, is called Evolution, 
or Extracting the Root, and that repre.senting the pbwer 
to which it has been raised is placed before the word root, 
or put as denominator of a fraction, and written as an 
index ; thus, 3 is the 7th root of 3 ', 3t the 7th root of 3 **. 
A symbol ^/ is often used instead of root, thus X/ft43 
is the 5 th root of 243. 
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It is laborious to find for the power when it is high, 
or when the number is large; and a general (though 
possible) rule for the extraction of any required root 
is too complicated for working. To find such roots as 
the 4th or 8th, we may extract the square root twice or 
thrice in succession; for the 6th, the cube root of the 
square root ; for the 9th, the cube root twice. But the 
neoessitj of all operations of this kind is obriated by the 
use of Logarithmic Tables. 



LOGARITHMS. 

91. A Logarithm of a number is that power to which 
10 must be raised to give the number. 

It may seem difficult to conceive how 10 can thus pro- 
duce all numbers, as it is evident that to obtain any one 
of the numbers below 10, it must really be divided, and 
not multiplied ; but the word power here denotes that 10 
can be so squared, cubed, &c., and such a root then ex- 
tracted that we can arrive at any required number. 

The index would consequently (except for 10, 100, 
1000, &c.) be a fraction proper or improper, and may, 
therefore, always be expressed by a decimal. 

These indices or the logarithms of all numbers between 
zero and 100,000, are registered in tables called Loga- 
rithmic Tables, and directions are given so that by a little 
calculation, or, as it is called, taking proportional parts, 
we may extend their use to any number whatsoever. 

It is, however, only the decimal part of the logarithm 
which is registered (that is, the proper fraction); a whole 
number must be prefixed* to make the logarithm complete. 
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one less than the number of figures, not counting decimal 
places, of the number whose logarithm we want. If 
the number be between zero and 1 0, the part given is, 
however, the entire logarithm. 

The tables are extended to mixed numbers and deci- 
mals bj the following considerations : — all numbers whose 
digits are the same, not regarding the decimal points, 
have the same register; the whole number to be pre- 
fixed depends, however, on its position, and is deter- 
mined as before explained ; but if we are to find the 
logarithm of an entire decimal, the prefix will be nega- 
tive, and equal to the number of ciphers between the 
first significant figure (that is, one of the numbers, 1, 2 ... 
or 9) and the decimal point. 

This is called the characteristic figure, and when pre- 
fixed we obtain the entire logarithm. 

92. These tables are chiefiy of use in the following 
cases : — 

1 . It is found that to multiply two numbers together, 
if we add their complete logarithms, and find the num- 
ber standing opposite the decimal part of the result, it 
will be the required product ; marking ofP the decimal 
places, if required, by remembering it will have one figure 
more in the integral part than there are units in the in- 
tegral part of the sum. 

2. To divide one number by another, we must sub- 
tract the logarithm of the latter from that of the former, 
and use the tables as before. 

3. To find any power of a number, we must multiply 
its logarithm by the number expressing the power. 

4. To find any root, we must divide by that representing 
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the root to be taken, or multiply and divide when the 
index is a fraction. 

We must take care in all cases to add, subtract, multi- 
ply, or divide the characteristic figures. 

Hence, (a^ multiplication and division are addition and 
subtraction when the numbers are the same) all opera- 
tions are reduced to addition and subtraction. 

I have not attempted to prove any of the properties here asserted, 
the student having time fully to investigate the matter, would be 
better able to perceive the reasons when further advanced, and it 
would be to impede his progress to study them at this point. 

The tables published by Taylor and Walton, extending as far as 
10,000, will be foond useful and sufficient for ordinary purposes. 
Under Art. 96 I have given an instance of the application of 
Logarithms. 



QUESTIONS. 

A 1. What is Involution? 2. What is meant by a number 
raised to any power 1 3. How is this generally expressed? 4. 
What is meant by index 1 5. What is Evolution 1 6. How is the 
root often written 1 7. What is the meaning of a fractional index 1 
8. How are these powers and roots best calculated. 

B 1. What is a logarithm 1 2. How does it appear that 10 can 
produce all numbers] 3. What are Logarithmic Tables'! 4. How 
far do the tables extendi 5. What is the part registered 1 6. 
What must be prefixed to it when the proposed number is a whole 
number 1 7. A mixed number? An entire decimal? 9. Of 
what use are the tables in Multiplication? 10. Division? II. 
Involution? 12. Evolution? 13. What care must be taken as to 
the characteristic figures? 14. What is the general conclusion ? 
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ARITHMETICAL PROGRESSION. 

93. When we have a series of numbers increasing or 
decreasing by a common difference, the series is called 
an Arithmetical Progression. 

The difference is found hy subtracting any term from 
the one immediately before it. 

Rule 1. To find any term. Multiply the common 
difference by the number of terms, diminished by one« 
and add the product to the first term. 

Ex. The 10th term of 2 -H 5 -H 8 + ... Here 6-2=3 the com- 
differencOi and 3 x 9 + 2 » 27 + 2 - 29, the lOth term. 

Rule 2. To find the sum of series. Add the first 
and last terms together; multiply by the number of 
terms, and divide by two. 

(93.) Bnle 2. Ex. The first term aad last (2 and 58) make up 
55, the second (5) the last but one (50) also make ap 55, the third 
(18) and the last bnt two (47) also give 55, and so on for all the 
pairs of terms; but there are 18 terms, and therefore 9 pairs, or 
the sum is 9 x 55, » 495. 

Again, supposing we wanted 19 tenns of 2 + 5 + 8 + Here 
there would be 9 pairs, and the middle term, the 10th term, would 
be 2 + 9 X 3 - 29 - V> and 1st (2) and last (56) are 58, and so 
with the other 8 pairs, therefore we have V + ^8 x 9 - V x 19. 

The first term is less than the second term by the common difier- 
ence. The last term is greater than the last but one by the com- 
mon difference. Consequently, the sum of the first and last is 
equal to the sum of the second and last but one. Similarly this 
sum is equal to the sum of the 3rd and last but two, and so on ; 
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Ex. 2 + 5 + 8 + ... to 18 terms. Here 53, by Rale 1, is the 
last term, and 2 + 58 » 55 is the sum of the first and last, therefore 

toA sam 28 — 5 —495 

Rule 3. To insert any number of terms between two 
numbers. Subtract one from the other^ diyide by tbe 
number of terms required, increased by one^ the quotient 
will be the difference required. 

Ex. Insert 5 terms between 1 and 13. 

Here 5 + 1 is 6, and 18 - lis 12, therefore the common differ- 
ence is 12 -r 6, or 2, and the terms are 8, 5, 7, 9, 11. 



GEOMETRICAL PROGRESSION. 

94. When we have a series of numbers^ of which each 
contains the one next before a certain number of times, 

hence if there be an even number of terms, there are half that num- 
ber of pairs, each equal to the first and last, or half the prodnet 
of the first and last by the number of terms. 

Kow, if there be an odd number of terms, there will be half that 
number, diminished by one, of pairs, and also a term midway 
between the first and the last, and therefore half their sum. These 
added together will give the same result as in the last case, namely, 
the first and last term multiplied by the number of terms and 
divided by 2. 

(94.) Three times every term of 2 + 6 + 18 -f 54 + 162 + 486 
= 6 + 18 + 64 -f 162 + 486 + 1458, or equals 2 + 6 -i- 18 + 
54 + 162 + 486 + 1458-2, that is, the first series -f 1468 - 2. 
Subtracting once, that is once every term of, the first series, we get 
twice every term of the series 2 + 6 -f 18 + 54 -|- 162 + 486 = 
1458 - 2. 

Therefore2 + 6 + 18 + 54-hl62-f486-i^^^V^ - 728. 
Or generally, thus, multiplying the whole series by the common 
ratio would make every term one higher, therefore the new series 
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that is, increases in a common ratio, the series is called a 
Geometrical Progression. 

1 . To find the Common Ratio. Divide any term by 
that before it ; this will give the common ratio. 

2. To find any term. Multiply the common ratio by 
itself as many times, less one, as there are terms (that is^ 
raise the common ratio to this power), and multiply the 
product by the first term. 

3. To find the sum of a series. Find the term 
succeeding the last, take the difference between this and 
the first, and divide it by the difference between the 
common ratio and one. 

Ex. Find the common ratio, the sixth term, and sum of the 

series; 2 + 6 + 18 + .... 

Here | <= 8, the common ratio ; and 2x8x8x8x3x3, or 

2x8= 486, the sixth term ; therefore, 1458, is the 7th term, 

, ,. . 1468 - 2 1466 ^„ 

and the sam is — = -—- =. 728. 

3 — 1 2 

95. Compound Interest may now be conveniently cal- 
culated. The Amount of ^1, at 5 per cent., at the end 



would begin with the 2nd term, and end with the term after the last. 
Hence, subtracting the original series, every term would go out, 
but the last of the higher series, which would be diminished by the 
first term of the first series. 

Now we obtained this result by multiplying the first series by 
the common ratio (that is, adding the first series to itself that 
number of times), and subtracting from the product the first series. 
Hence there is left the first series, added to itself once less (that 
is, multiplied by a number one less) than the common ratio ; but 
this must be precisely the same as the result derived by the first 
method. Hence the series equals the term succeeding its last 
term, diminished by its first term, and divided by one less than 
the common ratio. 
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of the year, is ^1 -f ^ of £\ or fj fA £\. At the 
end of the second year this will amount to |^ 4- ^^ of 
li of £\, or |i X 1^ of £\. At the end of three 
years we shall have f^ x fj X f^ of ^l ; and similarly 
for any numher of years, multiplying |^ by itself as 
often as there are years. 

If now we considered ^5, we should find this would 
amount to £^ + 2V ^^ ^^> or 5 x -f^ in one year ; 
5 X |-^ X f^of^lin two years, and so on ; and for any 
numher of pounds, for any time, we should find the num- 
ber of pounds X fi- as often as there were years ; or if 
payable oftener (as half-yearly), multiplied by a number 
representing £\y and its interest for that period (as 
1 -f -5^ or 1^), as often as there were periods of payment. 
Similarly, if the interest were not 5 per cent., but any 
other, as 4, then, if payable yearly, the multiplier would 
be 1 -f y-J^ or \%i that is ^ ; or half-yearly, then 
^ + Too o' T^ 5 ^^^ similar changes for other periods 
and other rates of interest, but always one multiplier 
throughout, namely, 1 with its interest at the given rate 
for the first period ; and the amount would be the princi- 
pal multiplied by this as often as there were periods. 
Hence, finding the amount of any sum at compound 
interest, payable yearly, or any number of times a year, is 
the same as finding that term in a geometrical series, 
the same in number as the periods, whose first term is 
the principal, and common ratio the number representing 
£\y with its interest for the first period. 

Similarly, to find the present worth of any amount due 
at the end of a given time, we must divide the amount 
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ANNUITIES. 



by 1, with its interest for a period, as often as there are 
periods. 

Ex. 1. Find the amoant of £10,000, at compound Interest, 
for 4 years, at 3 per cent, payable yearly. 
Here, 1 + t8o =iS§isl, with its interest for a year, therefore, the 

amount will be 10000 x l^ ^ J2^ .1^2^,881 ^ 

100* 10,000 J 0,000 

£11,255 1 9. 

Ex. 2. Find the present worth of £630 dae two years henoe, 
allowing 5 per cent, per annum, compound interest. 

Here, 1 + sV — ii is 1, with its interest. 

Therefore the pros, worth is_5?^ - 400 x — - £571 8 6f. 

21« 7 

20* 



ANNUITIES. 

96. An Annuity is a yearly amount to be paid once a 
year, or at stated times, and often for life. 

Rule 1, To find the present worth of an annuity to 
continue for any number of years, allowing compound in- 
terest. Find the present worth of each payment, add all 
these sums tc^ther, this will give the present worth of 
the annuity. 

Rule 2. To find the annuity a given amount will pur- 
chase. Find the present worth of ^1 payable at the end 
of every period in the time the annuity is to continue^ 
Divide the given amount by the result, this will give the 
annuity, or that part of it which will be received each 
period. 

When the annuity is for life, the number of years, or 
the value of the life, must first be ascertained. 

Calculations like these will be facilitated by the use of 
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Tables of Logarithms. Thus, in Ex. 1, Art. 95, we have 
the logarithm of the amount equal to the logarithm of 
1^3* = log. 103* - log. 10,000 = 4 log. 103 - 4, 



10000 

since the logarithm of 10,000 is 4. 

Now, the register for 103 is -01284, and as 103 has 3 
figures, the complete logarithm will be 2*01284 ; but 4 
X 2*01284 — 4 is 4"05136; and we find the number 
standing opposite -05125 is 1125; making proper con- 
nections, and observing the characteristic is 4, and there- 
fore there must be 5 figures in the whole number, we 
obtain £11,255 Is. 9d. 



QUESTIONS. 

Al. What is meant by Arithmetical Progression'? 2. How is 
the common difference found? 8. How any term? 4. How the 
sam of the series 1 5. How may means be inserted between two 
terms? 

B 1. What is Geometrical Progression ? 2. How is the com- 
mon ratio found? 3. How any term? 4. How the sum of the 
series? 

CI. What is the amount of £1, in one year, at 5 per cent.? 
2. In two years? 3. In any number of years? 4. What is the 
amount of £5, at 5 per cent., in any number of years ] 5. Of any 
number of pounds? 6. What would the multiplier be if the rate 
were 3 per cent., payable yearly? 7. What is the general conclu- 
sion? 8. How may present worth, at compound interest, be 
calculated? 9, What is an annuity ? 10. Shiew how to find its 
present worth. 11. Shew how to calculate how much must be 
paid for an annuity. 
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MENSURATION AND DUODECIMALS. 

97. In Mensuration we have to find the lengths <^ 
lines^ and the contents of areas and solid figures, or to 
reduce them to numerical calculations. 

This is accomplished hy agreeing to call, firstly, a cer- 
tain length the unit, or one, in the calculation of lines or 
lineal measure ; secondly, a certain area the unit, or one, 
in the calculation of areas ; and, thirdly, a certain volume 
the unit, or one, in ihe calculation of solid figures. 
Thus, if the unit of length he one inch and written 1, a 
line 36 inches long will be written 36, and, in like man- 
ner, areas and volumes are represented. 

Nor can there be any confusion in thus writing num- 
bers for such different quantities, as we . can always tell 
when a number denotes length, or area, or volume ; 
because we pass from one to the other according to laws 
and rules hereafter to be given, and, at every stage of our 
working, the numbers always represent the same kiud of 
thing. 

The units of area and volume are f2:enerally made de- 
pendent upon that of length, which is* arbitrary. 

The unit of length commonly taken is a line one inch 
long ; the unit of area taken will be the area of a square 
side, one inch ; and the unit of volume that of a cube side, 

97. The object of this short introdaction being to recommend 
rather than prevent the stady of pare Geometry, it is assumed that 
the student is acquainted with the names given to the different 
figures. 
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one inch ; and all other lengths, areas, and volumes what- 
ever, are given as numbers and fractional parts of these. 

98. Rule. To find the area of any rectangular figure. 
Multiply the number of units in one side by the number 
in one adjacent. 

This product can be found by reducing feet to inches, 
and the parts to decimals, and then multiplying ; or by 
a rule called duodecimals. 

(98.) The reason of this will be seen from the foU owing figure, where 
we have a rectangle whose ad- ® inches 

jacent sides are 8 inches and 
6 inches respectively. Di- 
vide the sides into inches, 
and draw lines parallel 
through the points of divi- 
sion. 

Then each of the figures 
will be a square side, one 
inch, or the unit of area (one inch being the unit of length), and as 
there are eight of these in one row, and in each of the rest, and 
there are six rows, therefore they will be 8 x 6 divisions in number. 

This can be proved equally in any other case. Placing any rec- 
tangle with its lines parallel to the sides of the book, and dividing 
as before, we shall have as many rows as there are units in the line 
parallel the side of the book, and each of these rows will be divided 
into as many divisions as there are units in the line parallel the 
top of the book, therefore the number of divisions, that is, squares, 
of one inch each, will be the product of these numbers multiplied 
together. 

It must be carefully borne in mind that it is not lines that 
are multiplied by lines, for to multiply lines by lines, or money 
by money, is absurd, but merely the number of units that are 
multiplied together, and the quotient represents units of an area, 
because we have made our unit such that it shall be so. 
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DUODECIMALS, 
99. Rule. Place feet under feet, inches under inches, 
&c., multiply by the highest denomination first, beginning 
at the lowest denomination of the multiplicand ; consider 
the product to be in the lowest denomination, and bring 
it to a higher ; write down the remainder, and carry the 

(99.) To understand this process taking (as the unit is arbitrary) a 
line one foot long for the unit, the figure representing a square 
side, one foot, will be the unit of area, and will contain twelve 
rows each containing twelve square inches : now each row has lines 
a foot long, and one inch long for its adjacent sides, and is 
the twelfth part of an area one foot 
square, that is, one foot by one 
foot, and just in the same way if 
it were three feet by two inches, 
it would be the twelfth part of an 
area three feet by two feet, and 
similarly for any numbers, therefore 
feet by inches being the twelfth part 
of feet by feet are put in the inches 
place, that is, in the place represent- 
ing the twelfth part of a square foot. Similarly if we take an area one 
inch by one inch, or one square inch, we get the one hundred and 
forty-fourth part of a square foot ; two inches by two inches, we get 
four square Inches, or the one hundred and forty-fourth part of two 
feet by two feet, and so on ; therefore inches by inches are put ia 
the seconds place. In the same way, inches into seconds represent 
the TT^v pai't of a square foot, and so on. 

Hence, each place represents the area, contained by lines^of the 
next higher denomination, and that of the place in which the num- 
ber is. 

In the Ex. representing the product in square feet it will be 
9 6 16 
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quotient to add to the product of the next higher deno- 
mination and the first maltiplier, and continue till all are 
multiplied. 

Multiply hy the next lower denomination, hut place 
the first product one place nearer the right hand^ and con- 
tinue till all have heen multipliers ; considering there ar& 
12 parts, or square seconds, in the inch, and these 
parts are again subdivided into 12 parts (or square 
thirds) : add all the products. 

feet. in. fleconds. 
7 2 6 
5 13 

"^^ ^ Jj We may also multiply by the 

7 2 6 feet, and take parts for the inches 

19 7 6 and seconds by Practice. 

it. 36 9 6 1 6 

It must be remarked that the number in the product 
standing in the first place represents square feet ; but, in 
the place next lower, they are not square inches but 
twelfths of a square foot, and should be called square 
firsts ; the number next lower under the seconds place, 
which we call square seconds, represents square inches. 

100. Rule. To find an adjacent side of a rectangle, 
having given the area and one side. Divide the area 
by the given side. 

Ex. A rectangle whose area is 14 ft., 10 sq. firsts, 6 sq. seconds, 

and one side 4 ft. 3 in., find the adjacent side. 

ft. sq.ft. sq. s. 
4 3) 14 10 6 (3 6 

12 9 Therefore the adjacent 

"T ; 7- side is 3 ft. 6 in. 

Z 1 o 
2 1 6 
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101. To find the area of nnj parallelogram* Let Ml 
a perpendicular from one corner on the base (or base pro- 
duced). Multiply the number of units in it by those in 

the base. 

Tbe reasoB of this is, th^t a pamllelogram is eqna) to a rectangle, 
«n the same bate, a&d haying the same height. 

102. To find the area of a triangle. Find the length of 

the perpendicular from the vertex to the base. Multiply 

the number of units in it by the number of units in the 

base (or, in brief, multiply it by the base), and divide the 

product by two. 

The reason of this is, a triangle is half a parallelogram, on the 

same base, and having the same altitude. 

Ex. The base of a parallelo- A triangle right-angled, base 

gram is 2ffe. Tin., height 1ft 6in. 5ft. 8in., height Sft. 4in. 
ft. in. ft. in. 

2 7 5 8 

16 3 4 



17 
1 10 
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18 10 
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2 7 
13 6 

3 10 6 

1 03 . To find the areaofarectangular solid. Multiply the 
number of units in two adjacent sides of the base together 

103. For concelying the solid divided into rectangular cubes, with 
sides, one inch, each of these would be the unit of volume. Now 
the base would be divided as figure one, and the number of units 
of volume, if the solid were one inch high, would be the 
number of units of area in that case. Conceive the entire solid 
thus divided into rectangular slices one inch high ; the number 
would be the number of units of length in the side perpendicular 
to the base. Therefore, we must multiply the number of units in 
th» area of l^e base by the number of units in the side perpendi- 
cular ; or, what is the same thing, find the product of the three 
sides which meet in one of the angles. 
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(that is, find the area of the base), and multiply this pro- 
duct hj the side perpendicular to the base. 

Ex. A rectangular solid 3ft. Sin. by 4ft. 3in. and 2ft. 4in. 
ft. in. 

3 6 

4 3 The contents may also be 

foand by Decimals, or 
Practice. 

Here the number under the 
inches represents twelfths 
of cubic feet, that in the 
seconds place yiv of at 
cubic foot, and the next 
would be i-v'f f of a cubic 
foot. 

When the solid is not rectangular, but has its opposite 
faces parallel, find the area of the base (that is of one 
face), and multiply by the height. 

104. To find the circumference of a circle. When the 
diameter is given, multiply it by 3*14159, or, as an ap- 
proximation, y ; or the radius by y. 

To find the area of a circle. When the radius or 
diameter is given. Find the area of a square whose sides 
are equal to the radius, and multiply it by 3*14159 or y. 

When the area is given to find the radius. Divide by 
3*14159 or y, and then take the square root. 

To find the area of an ellipse, or oval. Take the pro- 
duct of the semi-axes, and multiply by 3* 14 159. 

1 05 . To find the contents of cylinder. Find the area of 
the base, multiply it by the number of units in the 
height of the cylinder. 

To find the contents of a cone. This is the ^ of the 

The ratio which the circumference of a circle bears to the diame- 
ter is 3,14159 nearly, and since V = 3*142... for ordinaiy purposes 
V is sufficient. 
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last Yoliune ; but to find it independentlj^ find the area 
of the base, multiply by the number of units in the height, 
and divide the product by 3. 

To find the volume of a sphere. Take the cube of 
the radius, and multiply by |^ of 3 '14159, that is, 4*18876. 



GENERAL QUESTIONS. 

A 1. Explain how Multiplication is in reality Addition. 2. How 
Division, Subtraction. 3. Why must the mulijlplier and divisor 
be abstract numbers] 4. How are quantities represented by num- 
bers 1 5. If the unit be 2d., how will 6d. be written? 6. Howif jd.? 

B 1. Explain the nature of a fraction. 2. Whj must fractiona 
be reduced to a common denominator before adding or subtract- 
ing] 3. Why is a decimal called a decimal fraction? 4. Why 
may whole numbers and decimals be written with merely a point 
between 1 5. What is the rule in Multiplication ? 6. What in 
Diyision of Decimals ] 

C 1. What are the two general rules in Practice 1 2. What is a 
ratio] 8. Why must the terms of a ratio be of the same kind] 
4. What is Proportion] 5. How may inverse be written as 
direct proportionals] 6. E^lain when two quantities and their 
Price are direct proportionals 7. When inyerse. 8. How are 
Principal and Interest proportionals. 

D 1. What is the square root of a number ] 2. What the cube 
root] 3. What is meant by a number raised to any power] 
4. What by a root of a number] 5. What is a logarithm] 
6. Explain the tables, and their use. 7. How may Compound 
Interest be expressed as a term of a geometrical progression] 

E. 1. What is Mensuration] 2. How are lines, areas, andvolumes 
represented by units] 8. Explain the rule called Duodecimals. 
4. Which are square inches In the product ] 5. How is the area of 
a rectangle found ] 6. How of a cube ] 7. Which are cubic inches 
in the product ] 8. How must the area of a circle be found ] 
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